Exploring Two Novel Features for EEG-based Brain-Computer Interfaces: Multifractal Cumulants and Predictive Complexity by Brodu, Nicolas et al.
Exploring Two Novel Features for EEG-based
Brain-Computer Interfaces: Multifractal Cumulants and
Predictive Complexity
Nicolas Brodu, Fabien Lotte, Anatole Le´cuyer
To cite this version:
Nicolas Brodu, Fabien Lotte, Anatole Le´cuyer. Exploring Two Novel Features for EEG-based
Brain-Computer Interfaces: Multifractal Cumulants and Predictive Complexity. Neurocom-
puting, Elsevier, 2012, 79 (1), pp.87-94. <10.1016/j.neucom.2011.10.010>. <inria-00632546>
HAL Id: inria-00632546
https://hal.inria.fr/inria-00632546
Submitted on 14 Oct 2011
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de
recherche franc¸ais ou e´trangers, des laboratoires
publics ou prive´s.
❊①♣❧♦r✐♥❣ ❚✇♦ ◆♦✈❡❧ ❋❡❛t✉r❡s ❢♦r ❊❊●✲❜❛s❡❞ ❇r❛✐♥✲❈♦♠♣✉t❡r






■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ✐♥tr♦❞✉❝❡ t✇♦ ♥❡✇ ❢❡❛t✉r❡s ❢♦r t❤❡ ❞❡s✐❣♥ ♦❢ ❡❧❡❝tr♦❡♥❝❡♣❤❛❧♦❣r❛♣❤② ✭❊❊●✮ ❜❛s❡❞
❇r❛✐♥✲❈♦♠♣✉t❡r ■♥t❡r❢❛❝❡s ✭❇❈■✮✿ ♦♥❡ ❢❡❛t✉r❡ ❜❛s❡❞ ♦♥ ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts✱ ❛♥❞ ♦♥❡ ❢❡❛t✉r❡ ❜❛s❡❞ ♦♥
t❤❡ ♣r❡❞✐❝t✐✈❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ ❊❊● t✐♠❡ s❡r✐❡s✳ ❚❤❡ ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts ❢❡❛t✉r❡ ♠❡❛s✉r❡s t❤❡ s✐❣♥❛❧
r❡❣✉❧❛r✐t②✱ ✇❤✐❧❡ t❤❡ ♣r❡❞✐❝t✐✈❡ ❝♦♠♣❧❡①✐t② ♠❡❛s✉r❡s t❤❡ ❞✐✣❝✉❧t② t♦ ♣r❡❞✐❝t t❤❡ ❢✉t✉r❡ ♦❢ t❤❡ s✐❣♥❛❧ ❜❛s❡❞
♦♥ ✐ts ♣❛st✱ ❤❡♥❝❡ ❛ ❞❡❣r❡❡ ♦❢ ❤♦✇ ❝♦♠♣❧❡① ✐t ✐s✳ ❲❡ ❤❛✈❡ ❝♦♥❞✉❝t❡❞ ❛♥ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢
t❤❡s❡ t✇♦ ♥♦✈❡❧ ❢❡❛t✉r❡s ♦♥ ❊❊● ❞❛t❛ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ♠♦t♦r✲✐♠❛❣❡r②✳ ❲❡ ❛❧s♦ ❝♦♠♣❛r❡❞ t❤❡♠ t♦ t❤❡
❣♦❧❞ st❛♥❞❛r❞ ❢❡❛t✉r❡s ✉s❡❞ ✐♥ t❤❡ ❇❈■ ✜❡❧❞✱ ♥❛♠❡❧② t❤❡ ❇❛♥❞✲P♦✇❡r ❢❡❛t✉r❡s✳ ❲❡ ❡✈❛❧✉❛t❡❞ t❤❡s❡ t❤r❡❡
❦✐♥❞s ♦❢ ❢❡❛t✉r❡s ❛♥❞ t❤❡✐r ❝♦♠❜✐♥❛t✐♦♥s ♦♥ ❊❊● s✐❣♥❛❧s ❢r♦♠ ✶✸ s✉❜❥❡❝ts✳ ❘❡s✉❧ts ♦❜t❛✐♥❡❞ s❤♦✇ t❤❛t
♦✉r ♥♦✈❡❧ ❢❡❛t✉r❡s ❝❛♥ ❧❡❛❞ t♦ ❇❈■ ❞❡s✐❣♥s ✇✐t❤ ✐♠♣r♦✈❡❞ ❝❧❛ss✐✜❝❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡✱ ♥♦t❛❜❧② ✇❤❡♥ ✉s✐♥❣
❛♥❞ ❝♦♠❜✐♥✐♥❣ t❤❡ t❤r❡❡ ❦✐♥❞s ♦❢ ❢❡❛t✉r❡ ✭❜❛♥❞✲♣♦✇❡r✱ ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts✱ ♣r❡❞✐❝t✐✈❡ ❝♦♠♣❧❡①✐t②✮
t♦❣❡t❤❡r✳
✶ ■♥tr♦❞✉❝t✐♦♥
❇r❛✐♥✲❈♦♠♣✉t❡r ■♥t❡r❢❛❝❡s ✭❇❈■✮ ❛r❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ s②st❡♠s t❤❛t ❡♥❛❜❧❡ ✉s❡rs t♦ s❡♥❞ ❝♦♠♠❛♥❞s t♦ ❛
❝♦♠♣✉t❡r ❜② ✉s✐♥❣ ♦♥❧② t❤❡✐r ❜r❛✐♥ ❛❝t✐✈✐t② ❬✺✸❪✱ t❤✐s ❛❝t✐✈✐t② ❜❡✐♥❣ ❣❡♥❡r❛❧❧② ♠❡❛s✉r❡❞ ✉s✐♥❣ ❊❧❡❝tr♦❊♥✲
❝❡♣❤❛❧♦●r❛♣❤② ✭❊❊●✮✳ ▼♦st ❊❊●✲❜❛s❡❞ ❇❈■ ❛r❡ ❞❡s✐❣♥❡❞ ❛r♦✉♥❞ ❛ ♣❛tt❡r♥ r❡❝♦❣♥✐t✐♦♥ ❛♣♣r♦❛❝❤✿ ✐♥ ❛ ✜rst
st❡♣ ❢❡❛t✉r❡s ❞❡s❝r✐❜✐♥❣ t❤❡ r❡❧❡✈❛♥t ✐♥❢♦r♠❛t✐♦♥ ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ ❊❊● s✐❣♥❛❧s ❛r❡ ❡①tr❛❝t❡❞ ❬✻❪✳ ❚❤❡② ❛r❡
t❤❡♥ ❢❡❞ ✐♥t♦ ❛ ❝❧❛ss✐✜❡r ✇❤✐❝❤ ✐❞❡♥t✐✜❡s t❤❡ ❝❧❛ss ♦❢ t❤❡ ♠❡♥t❛❧ st❛t❡ ❢r♦♠ t❤❡s❡ ❢❡❛t✉r❡s ❬✸✷❪✳ ❚❤❡r❡❢♦r❡✱ t❤❡
❡✣❝✐❡♥❝② ♦❢ ❛ ❇❈■✱ ✐♥ t❡r♠s ♦❢ r❡❝♦❣♥✐t✐♦♥ r❛t❡✱ ❞❡♣❡♥❞s ♠♦st❧② ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛♣♣r♦♣r✐❛t❡ ❢❡❛t✉r❡s ❛♥❞
❝❧❛ss✐✜❡rs✳ ▼♦r❡♦✈❡r✱ s❡✈❡r❛❧ r❡s❡❛r❝❤❡rs s✉❣❣❡st❡❞ t❤❛t t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ❣♦♦❞ ❢❡❛t✉r❡ ❡①tr❛❝t✐♦♥ ♠❡t❤♦❞ ❤❛s
♠♦r❡ ✐♠♣❛❝t ♦♥ t❤❡ ✜♥❛❧ ♣❡r❢♦r♠❛♥❝❡s t❤❛♥ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ❣♦♦❞ ❝❧❛ss✐✜❡r ❬✷✺✱ ✹✶❪✳
■♥ t❤✐s ♣❛♣❡r✱ ✇❡ ❢♦❝✉s ♦♥ ❢❡❛t✉r❡ ❡①tr❛❝t✐♦♥ ❢r♦♠ ❊❊● s✐❣♥❛❧s ❢♦r t❤❡ ❞❡s✐❣♥ ♦❢ ❇❈■ ❜❛s❡❞ ♦♥ ♠♦t♦r
✐♠❛❣❡r② ✭▼■✮ ❬✹✷❪✳ ▼■ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✐♠❛❣✐♥❛t✐♦♥ ♦❢ ❧✐♠❜ ♠♦✈❡♠❡♥ts ✭❡✳❣✳✱ ❤❛♥❞ ♦r ❢❡❡t✮ ✇✐t❤♦✉t ❛❝t✉❛❧
♦✉t♣✉t✳ ■t ✐s ❦♥♦✇♥ t♦ tr✐❣❣❡r ❜r❛✐♥ s✐❣♥❛❧s ✈❛r✐❛t✐♦♥s ✐♥ s♣❡❝✐✜❝ ❢r❡q✉❡♥❝② ❜❛♥❞s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦
❞r✐✈❡ ❛ ❇❈■ ❬✹✷❪✳ ◆✉♠❡r♦✉s ❢❡❛t✉r❡s ❤❛✈❡ ❜❡❡♥ ♣r♦♣♦s❡❞ ❛♥❞ ❡①♣❧♦r❡❞ t♦ ❞❡s✐❣♥ ♠♦t♦r ✐♠❛❣❡r②✲❜❛s❡❞ ❇❈■
❬✸✺✱ ✻❪✳ ▼♦st ♦❢ t❤❡s❡ t❡❝❤♥✐q✉❡s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❜❡❧♦♥❣✐♥❣ t♦ ♦♥❡ ♦❢ t❤❡ t✇♦ ❢♦❧❧♦✇✐♥❣ ❝❛t❡❣♦r✐❡s✿ ✶✮
♠❡t❤♦❞s ❡①♣❧♦✐t✐♥❣ ❛ t❡♠♣♦r❛❧ ✐♥❢♦r♠❛t✐♦♥ ❡♠❜❡❞❞❡❞ ✐♥ t❤❡ s✐❣♥❛❧s ❛♥❞ ✷✮ ♠❡t❤♦❞s ❡①♣❧♦✐t✐♥❣ ❛ ❢r❡q✉❡♥t✐❛❧
✐♥❢♦r♠❛t✐♦♥✳ ◆❛t✉r❛❧❧②✱ ❛❧❧ t❤❡s❡ ❛♣♣r♦❛❝❤❡s ✉s✉❛❧❧② ❡①♣❧♦✐t ❛ s♣❛t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❛s ✇❡❧❧ ❜② s❡❧❡❝t✐♥❣ ❛
r❡❧❡✈❛♥t s✉❜s❡t ♦❢ ❊❊● ❝❤❛♥♥❡❧s ♦r ❜② ✉s✐♥❣ s♣❛t✐❛❧ ✜❧t❡r✐♥❣ ❬✹✷✱ ✸✸❪✳ ■♥ t❤❡ t❡♠♣♦r❛❧ ❢❡❛t✉r❡ ❝❛t❡❣♦r②✱
r❡s❡❛r❝❤❡rs ❤❛✈❡ ♠❛✐♥❧② ❡①♣❧♦r❡❞ ♠❡t❤♦❞s ❜❛s❡❞ ♦♥ ❛✉t♦✲r❡❣r❡ss✐✈❡ ✭❆❘✮ ♣❛r❛♠❡t❡rs ❬✸✱ ✷✷❪ ❛♥❞ t❤❡✐r ✈❛r✐❛♥ts
s✉❝❤ ❛s ♠✉❧t✐✈❛r✐❛t❡ ❆❘ ♣❛r❛♠❡t❡rs ❬✹❪✱ ❆❘ ♣❛r❛♠❡t❡rs ✇✐t❤ ❡①♦❣❡♥❡♦✉s ✐♥♣✉ts ❬✶✼❪ ❛♥❞ ❛❞❛♣t✐✈❡ ❛✉t♦✲
r❡❣r❡ss✐✈❡ ♣❛r❛♠❡t❡rs ✭❆❆❘✮ ❬✹✹❪✳ ❚❤❡② ❤❛✈❡ ❛❧s♦ ❡①♣❧♦r❡❞ ❢❡❛t✉r❡s s✉❝❤ ❛s ❍❥♦rt❤ P❛r❛♠❡t❡rs ❬✸✾❪ ♦r t✐♠❡✲
❞♦♠❛✐♥ ♣❛r❛♠❡t❡rs ❬✹✽❪✳ ❙✐♥❝❡ ♠♦t♦r ✐♠❛❣❡r② tr✐❣❣❡rs ❛♠♣❧✐t✉❞❡ ✈❛r✐❛t✐♦♥s ✐♥ s♣❡❝✐✜❝ ♦s❝✐❧❧❛t✐♦♥s ♦❢ ❊❊●
∗◆✐❝♦❧❛s ✐s ✇✐t❤ t❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❘❡♥♥❡s ✶✱ ❈❛♠♣✉s ❞❡ ❇❡❛✉❧✐❡✉✱ ❇ât ✷✷✱ ✸✺✵✹✷ ❘❡♥♥❡s ❈❡❞❡① ✲ ❋r❛♥❝❡✳
†❋❛❜✐❡♥ ✇❛s ✇✐t❤ t❤❡ ■♥st✐t✉t❡ ❢♦r ■♥❢♦❝♦♠♠ ❘❡s❡❛r❝❤ ✭■✷❘✮✱ ✶ ❋✉s✐♦♥♦♣♦❧✐s ✇❛②✱ ✶✸✽✻✸✷✱ ❙✐♥❣❛♣♦r❡✳ ❍❡ ♥♦✇ ✐s ✇✐t❤ t❤❡
♥❛t✐♦♥❛❧ ✐♥st✐t✉t❡ ❢♦r r❡s❡❛r❝❤ ✐♥ ❝♦♠♣✉t❡r s❝✐❡♥❝❡ ❛♥❞ ❝♦♥tr♦❧ ✭■◆❘■❆✮ ❇♦r❞❡❛✉① ❙✉❞✲❖✉❡st✱ ✸✺✶ ❝♦✉rs ❞❡ ❧❛ ❧✐❜ér❛t✐♦♥✱ ✸✸✹✵✺✱
❚❛❧❡♥❝❡ ❈❡❞❡①✱ ❋r❛♥❝❡
‡❆♥❛t♦❧❡ ✐s ✇✐t❤ t❤❡ ■◆❘■❆✱ ❛t ❈❛♠♣✉s ✉♥✐✈❡rs✐t❛✐r❡ ❞❡ ❇❡❛✉❧✐❡✉✱ ❆✈❡♥✉❡ ❞✉ ●é♥ér❛❧ ▲❡❝❧❡r❝✱ ✸✺✵✹✷ ❘❡♥♥❡s ❈❡❞❡① ✲ ❋r❛♥❝❡✳
✶
s✐❣♥❛❧s✱ t❤❡ ♠♦st ♣♦♣✉❧❛r ❢❡❛t✉r❡s ✉s❡❞ ✐♥ ♠♦t♦r ✐♠❛❣❡r②✲❜❛s❡❞ ❇❈■ ❜❡❧♦♥❣ t♦ t❤❡ ❝❛t❡❣♦r② ✇❤✐❝❤ ❡①♣❧♦✐ts
❛ ❢r❡q✉❡♥t✐❛❧ ✐♥❢♦r♠❛t✐♦♥✳ ■♥ t❤✐s ❝❛t❡❣♦r②✱ t❤❡ ❢❡❛t✉r❡s ✉s❡❞✱ ❞❡♥♦t❡❞ ❛s ❜❛♥❞✲♣♦✇❡r ❢❡❛t✉r❡s✱ q✉❛♥t✐❢② t❤❡
❡♥❡r❣② ♦❢ t❤❡ ❊❊● s✐❣♥❛❧s ✐♥ ✈❛r✐♦✉s ❢r❡q✉❡♥❝② ❜❛♥❞s ❬✻✱ ✶✺✱ ✷✼❪✳ ❚❤❡s❡ ❜❛♥❞s ❛r❡ ✉s✉❛❧❧② t❤❡ ♠✉ ✭✽✲✶✷❍③✮
❛♥❞ ❜❡t❛ ✭✶✻✲✷✹❍③✮ ❜❛♥❞s✱ ✐♥ ✇❤✐❝❤ t❤❡ ❡♥❡r❣② ♦✈❡r t❤❡ ♠♦t♦r ❝♦rt❡① ♦❢ t❤❡ ❜r❛✐♥ ✐s ❦♥♦✇♥ t♦ ❜❡ ❛✛❡❝t❡❞ ❜②
♠♦t♦r ✐♠❛❣❡r② ❬✹✷❪✳ ❙✉❝❤ ❜❛♥❞ ♣♦✇❡r ❢❡❛t✉r❡s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ ❛ ♥✉♠❜❡r ♦❢ ✇❛②s✳ ❋♦r ✐♥st❛♥❝❡✱ t❤❡② ❝❛♥
❜❡ ❝♦♠♣✉t❡❞ ❜② ❜❛♥❞✲♣❛ss ✜❧t❡r✐♥❣ t❤❡ ❊❊● s✐❣♥❛❧s ✐♥ s♣❡❝✐✜❝ ❢r❡q✉❡♥❝② ❜❛♥❞s ❛♥❞ t❤❡♥ sq✉❛r✐♥❣ ✐t ❬✹✷❪✱ ❜②
❝♦♠♣✉t✐♥❣ t❤❡ P♦✇❡r ❙♣❡❝tr❛❧ ❉❡♥s✐t② ♦❢ t❤❡ s✐❣♥❛❧s ❬✶✵✱ ✸✼❪✱ ❜② ✉s✐♥❣ ✈❛r✐♦✉s t✐♠❡✲❢r❡q✉❡♥❝② r❡♣r❡s❡♥t❛t✐♦♥s
❬✷✼✱ ✶✽❪✱ ♦r ❜② ✉s✐♥❣ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥s ❬✸✶✱ ✺✹✱ ✶✶❪✳ ◆❛t✉r❛❧❧② t✐♠❡✲❢r❡q✉❡♥❝② r❡♣r❡s❡♥t❛t✐♦♥s ❤❛✈❡
❛❧s♦ ❜❡❡♥ ✉s❡❞ t♦ ❡①♣❧♦✐t ❜♦t❤ ❛ t❡♠♣♦r❛❧ ❛♥❞ ❛ ❢r❡q✉❡♥t✐❛❧ ✐♥❢♦r♠❛t✐♦♥ ❬✷✶✱ ✺✵❪✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡s❡ t✇♦
♠❛✐♥ ❝❛t❡❣♦r✐❡s ♦❢ ❢❡❛t✉r❡s✱ s♦♠❡ ♦t❤❡r ❛♣♣r♦❛❝❤❡s ❤❛✈❡ ❜❡❡♥ ❡①♣❧♦r❡❞ ✐♥ ❛ ♠♦r❡ ♠❛r❣✐♥❛❧ ✇❛②✳ ❆♠♦♥❣
t❤❡♠ ✇❡ ❝❛♥ ♠❡♥t✐♦♥ ♠❡t❤♦❞s ❡①♣❧♦✐t✐♥❣ ❛ ❝♦♥♥❡❝t✐✈✐t② ♠❡❛s✉r❡ ❜❡t✇❡❡♥ ❊❊● ❝❤❛♥♥❡❧s ❬✷✹✱ ✺✶❪ ♦r ❝❤❛♦s
t❤❡♦r②✲✐♥s♣✐r❡❞ ♠❡t❤♦❞ s✉❝❤ ❛s t❤❡ ❢r❛❝t❛❧ ❞✐♠❡♥s✐♦♥ ❬✶✵❪✳ ❆♠♦♥❣ ❛❧❧ t❤❡s❡ ❢❡❛t✉r❡s✱ t❤❡ ♠❡t❤♦❞s t❤❛t ❛r❡
❜❛s❡❞ ♦♥ t❤❡ ❜❛♥❞ ♣♦✇❡r ♦❢ t❤❡ ❊❊● s✐❣♥❛❧s ❛r❡ ❝♦♥s✐st❡♥t❧② ❢♦✉♥❞ t♦ ❜❡ ❛♠♦♥❣ t❤❡ ♠♦st ❡✣❝✐❡♥t ♦♥❡s
❬✶✵✱ ✶✻✱ ✶✺✱ ✷✼✱ ✹✾❪✳ ▼♦r❡♦✈❡r✱ ❜❛♥❞ ♣♦✇❡r ❢❡❛t✉r❡s ❛r❡ t❤❡ ♠❡t❤♦❞ ♦❢ ❝❤♦✐❝❡ ✉s❡❞ ✐♥ t❤❡ ❞❡s✐❣♥ ♦❢ ▼■✲❜❛s❡❞
❇❈■ ❢r♦♠ t❤❡ ❧❡❛❞✐♥❣ ❣r♦✉♣s ✇♦r❧❞✇✐❞❡ ❬✼✱ ✷✵✱ ✹✵❪✳ ❚❤❡r❡❢♦r❡✱ s✉❝❤ ❢❡❛t✉r❡s ❛r❡ ✉s✉❛❧❧② ❝♦♥s✐❞❡r❡❞ ❛s t❤❡ ❣♦❧❞
st❛♥❞❛r❞ ✐♥ ▼■✲❜❛s❡❞ ❇❈■ ❞❡s✐❣♥✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ❝✉rr❡♥t ❇❈■ ❛r❡ st✐❧❧ ♥♦t s❛t✐s❢❛❝t♦r②✱
❛♥❞ t❤❡ ❇❈■ ❝♦♠♠✉♥✐t② ❤❛s str❡ss❡❞ t❤❡ ♥❡❡❞ t♦ ❢✉rt❤❡r ❡①♣❧♦r❡ ❛♥❞ ❞❡s✐❣♥ ❛❧t❡r♥❛t✐✈❡ ❢❡❛t✉r❡s ❬✸✺❪✳
❈♦♥s❡q✉❡♥t❧②✱ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r ✐s t✇♦❢♦❧❞✳ ❋✐rst✱ ✇❡ ✐♥tr♦❞✉❝❡ t✇♦ ♥❡✇ ❢❡❛t✉r❡s ❢♦r ▼■
❝❧❛ss✐✜❝❛t✐♦♥ ✐♥ ❊❊●✲❜❛s❡❞ ❇❈■✳ ❚❤❡s❡ t✇♦ ♥❡✇ ❢❡❛t✉r❡s ❛r❡ ❜❛s❡❞ ♦♥✿ ✶✮ ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts ❬✺✷❪ ❛♥❞ ✷✮
♣r❡❞✐❝t✐✈❡ ❝♦♠♣❧❡①✐t② ❬✶✹❪✳ ❙❡❝♦♥❞✱ ✇❡ ♣❡r❢♦r♠ s②st❡♠❛t✐❝ ❝♦♠♣❛r✐s♦♥s ❛♥❞ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢
t❤❡s❡ t✇♦ ♥❡✇ ❢❡❛t✉r❡s✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ❣♦❧❞ st❛♥❞❛r❞ ❢❡❛t✉r❡ ❢♦r ▼■ ❜❛s❡❞✲❇❈■✱ ✐✳❡✳✱ ❜❛♥❞✲♣♦✇❡r ❢❡❛t✉r❡✳
❚❤❡ ✜rst ♥❡✇ ❢❡❛t✉r❡✱ ♥❛♠❡❧②✱ ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts✱ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ st❛t✐st✐❝ ♦♥ ✐♥t❡r✲❢r❡q✉❡♥❝② ❜❛♥❞
r❡❧❛t✐♦♥s✳ ❚❤✐s ✐s ♣❛rt✐❝✉❧❛r❧② r❡❧❡✈❛♥t ❢♦r ❇❈■ ❛s t❤✐s ✐♥❢♦r♠❛t✐♦♥ ✐s ❣❡♥❡r❛❧❧② ✐❣♥♦r❡❞ ✐♥ ❝✉rr❡♥t ▼■✲❜❛s❡❞
❇❈■ ❞❡s✐❣♥s✱ ♠♦st❧② ❜❛s❡❞ ♦♥ t❤❡ s♦❧❡ ♣♦✇❡r ✐♥ ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝② ❜❛♥❞s✳ ❚❤❡ ♠✉❧t✐❢r❛❝t❛❧ ❛♣♣r♦❛❝❤ ❛❞❞s
✐♥ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❤♦✇ t❤❡ ♠✉❧t✐♣❧❡ ❜❛♥❞s r❡❧❛t❡ t♦❣❡t❤❡r ❛t ❡❛❝❤ ✐♥st❛♥t✳ ❚❤❡ ❤②♣♦t❤❡s✐s ✐s t❤❛t ✇❤❡♥
s♦♠❡ s♣❡❝✐✜❝ ♠❡♥t❛❧ ❛❝t✐✈✐t② ♦❝❝✉rs✱ ✐t ❝❤❛♥❣❡s ♥♦t ♦♥❧② t❤❡ ♣♦✇❡r ♦❢ ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝② ❜❛♥❞s ♦❢ t❤❡ ❊❊●✱
❜✉t ❛❧s♦ t❤❡ r❡♣❛rt✐t✐♦♥ ♦❢ t❤❛t ♣♦✇❡r ❜❡t✇❡❡♥ ❜❛♥❞s✳ ■t s❤♦✉❧❞ ❜❡ ♠❡♥t✐♦♥❡❞ t❤❛t ❛ ♣r❡❧✐♠✐♥❛r② st✉❞② ♦❢
t❤✐s ❦✐♥❞ ♦❢ ❢❡❛t✉r❡ ❤❛s ❜❡❡♥ ♣r❡s❡♥t❡❞ ✐♥ ❛ ❝♦♥❢❡r❡♥❝❡ ♣❛♣❡r ❬✶✸❪✳ ❚❤❡ ❝✉rr❡♥t ✇♦r❦ ❡①♣❛♥❞s ♦♥ t❤✐s ✐❞❡❛
❛♥❞ ✉s❡s ❛ ❜❡tt❡r ❞❡✜♥✐t✐♦♥ ❢♦r t❤❡ ♠✉❧t✐❢r❛❝t❛❧ ❢❡❛t✉r❡ ✭s❡❡ ❙❡❝t✐♦♥ ✷✮✳
❚❤❡ s❡❝♦♥❞ ♥❡✇ ❢❡❛t✉r❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ st❛t✐st✐❝❛❧ ❝♦♠♣❧❡①✐t② ❛♥❞ ♣r❡❞✐❝t✐✈❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ t✐♠❡ s❡r✐❡s
❬✶✹❪✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ✭q✉❛♥t✐✜❡❞ ✐♥ ❜✐ts✮ t❤❛t ✐s ❡①tr❛❝t❡❞ t❤✐s ✇❛② ♠❡❛s✉r❡s ❤♦✇ ❞✐✣❝✉❧t ✐t ✐s t♦ ♠❛❦❡ ❛♥
♦♣t✐♠❛❧ ♣r❡❞✐❝t✐♦♥ ❜❛s❡❞ ♦♥ ♣❛st ✐♥❢♦r♠❛t✐♦♥✳ ■t ✐s ♥✉❧❧ ❜♦t❤ ❢♦r t♦t❛❧❧② ♦r❞❡r❡❞ ❛♥❞ t♦t❛❧❧② r❛♥❞♦♠ s②st❡♠s✱
❛♥❞ ✐♥❝r❡❛s❡s ✐♥ ❜❡t✇❡❡♥✳ ■t ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❛♣♣❧✐❡❞ t♦ s✐♥❣❧❡ s✐♠✉❧❛t❡❞ ♥❡✉r♦♥s ❬✶✷❪ ❛♥❞ ❛ r❡❧❛t❡❞ ❢♦r♠
✇❛s ❛♣♣❧✐❡❞ t♦ ♠❡❛s✉r❡ s②♥❝❤r♦♥✐s❛t✐♦♥ ✐♥ t❤❡ ❜r❛✐♥ ❬✸✵❪✳ ❚❤❡ ❛ss✉♠♣t✐♦♥ ✐s t❤❛t ♣❡r❢♦r♠✐♥❣ ❛ ♠❡♥t❛❧ t❛s❦
♠❛❦❡s t❤❡ ❊❊● s✐❣♥❛❧ ❡✐t❤❡r ♠♦r❡ ♦r ❧❡ss ♣r❡❞✐❝t❛❜❧❡✱ ✇❤✐❝❤ ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❜② ❛ ❝❧❛ss✐✜❡r ✇❤❡♥ q✉❛♥t✐✜❡❞
❜② t❤✐s s❡❝♦♥❞ ♥❡✇ ❢❡❛t✉r❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❛ ♠♦t♦r ❛❝t✐✈✐t② ❣❡♥❡r❛t❡s r②t❤♠✐❝ ♣❛tt❡r♥s✱ ✇❤✐❝❤ ❛r❡ ❞✐st✐♥❝t✐✈❡
❝♦♠♣❛r❡❞ t♦ t❤❡ ♥❡✉r♦♥ r❡st✐♥❣ st❛t❡✳ ■rr❡s♣❡❝t✐✈❡❧② ♦❢ t❤❡ ✐♠♣❧✐❡❞ ❢r❡q✉❡♥❝✐❡s ♦❢ ❜♦t❤ ♠♦t♦r ❛❝t✐✈✐t② ❛♥❞
r❡st✐♥❣ st❛t❡✱ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ♣r❡s❡♥❝❡ ♦❢ s♦♠❡ ❦✐♥❞ ♦❢ ❛❝t✐✈✐t② ✇✐❧❧ ❝❤❛♥❣❡ t❤❡ ♣r❡❞✐❝t❛❜✐❧✐t② ♦❢ t❤❡ ❊❊●
s✐❣♥❛❧✳
❚❤❡ r❡♠❛✐♥❞❡r ♦❢ t❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐s❡❞ ❛s ❢♦❧❧♦✇s✿ ❙❡❝t✐♦♥s ✷ ❛♥❞ ✸ ♣r❡s❡♥t t❤❡ t✇♦ ♥❡✇ ❢❡❛t✉r❡s t❤❛t
✇❡ ♣r♦♣♦s❡✳ ❙❡❝t✐♦♥ ✹ ♣r❡s❡♥ts t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❡✈❛❧✉❛t✐♦♥✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ❞❛t❛ s❡ts t❤❛t ✇❡r❡ ✉s❡❞✱ ❛♥❞ t❤❡
r❡s✉❧ts✳ ❙❡❝t✐♦♥ ✺ ❝♦♥❝❧✉❞❡s t❤✐s st✉❞②✳
❚❤❡ ❝♦❞❡ ✉s❡❞ ❢♦r ❛❧❧ t❤❡ ❡①♣❡r✐♠❡♥ts ✐♥ t❤✐s ♣❛♣❡r ✐s ♣r♦✈✐❞❡❞ ❛s ❋r❡❡✴▲✐❜r❡ s♦❢t✇❛r❡✳ ❚❤❡ ❞❛t❛ ✉s❡❞ ✐s
❛✈❛✐❧❛❜❧❡ ♦♥❧✐♥❡ ✭❧✐♥❦ ❣✐✈❡♥ ✐♥ ❛♣♣❡♥❞✐①✮ ❛♥❞ ❛❧❧ t❤❡ ♣r❡s❡♥t❡❞ r❡s✉❧ts ❛r❡ r❡♣r♦❞✉❝✐❜❧❡ ✐♥❞❡♣❡♥❞❡♥t❧②✳
✷ ▼✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts
❚❤❡ ♠✉❧t✐❢r❛❝t❛❧ ❢♦r♠❛❧✐s♠ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❞❡t❛✐❧s ✐♥ ❬✺✷✱ ✸✽❪✳ ❚❤✐s s❡❝t✐♦♥ ♣r❡s❡♥ts ❛ s❤♦rt ♦✈❡r✈✐❡✇ ❢♦r t❤❡
♥❡❡❞s ♦❢ t❤✐s ❞♦❝✉♠❡♥t✳
■♥t✉✐t✐✈❡❧②✱ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts ♦❢ t❤❡ s✐❣♥❛❧ ❝❛♣t✉r❡ ❛ s✐❣♥❛t✉r❡ ♦❢ ✐♥t❡r✲❜❛♥❞ r❡❧❛t✐♦♥s ✭s❡❡ ❜❡❧♦✇✮✳
❚❤✐s ❝♦♥tr❛sts t♦ t❤❡ ♣♦✇❡r ✐♥ ❡❛❝❤ ❢r❡q✉❡♥❝② ❜❛♥❞ t❤❛t ✐s ❣❡♥❡r❛❧❧② ✉s❡❞✳ ❆s s❤♦✇♥ ✐♥ ❬✶✸❪ t❤❡ ♠✉❧t✐❢r❛❝t❛❧
s♣❡❝tr✉♠ ❝❛♥ ✐♥ ✐ts❡❧❢ ❜❡ ✉s❡❞ ❢♦r ❊❊● ❝❧❛ss✐✜❝❛t✐♦♥✳ ❲❤❡♥ ❝♦♥s✐❞❡r✐♥❣ ♠✉❧t✐❢r❛❝t❛❧ ✐♥ ❛❞❞✐t✐♦♥ t♦ ♣♦✇❡r
❜❛♥❞ ❢❡❛t✉r❡ ✈❡❝t♦rs✱ t❤❡ r❡s✉❧t✐♥❣ ❝♦♠❜✐♥❛t✐♦♥ ♠❛② ✐♠♣r♦✈❡ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❛❝❝✉r❛❝②✳
✷
❚❤❡ ♠❡t❤♦❞ ✇❡ ❝❤♦s❡ ❢♦r ❡①tr❛❝t✐♥❣ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr✉♠ ✐s ❛ ❞✐s❝r❡t❡ ✇❛✈❡❧❡t tr❛♥s❢♦r♠ ♦❢ t❤❡ s✐❣♥❛❧✱
♦✉t ♦❢ ✇❤✐❝❤ ✇❡ ❡①tr❛❝t t❤❡ ✇❛✈❡❧❡t ❧❡❛❞❡r ❝♦❡✣❝✐❡♥ts ❬✶❪✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❞✐r❡❝t✐♦♥s ♦❢ ❬✺✷❪ ✇❡ t❤❡♥ ✉s❡ t❤❡
❝✉♠✉❧❛♥ts ♦❢ t❤❡ ❧❡❛❞❡rs ❛s t❤❡ ❢❡❛t✉r❡s ❢♦r ❝❧❛ss✐✜❝❛t✐♦♥✱ ✉♥❧✐❦❡ ✇❤❛t ✇❡ ♣r❡✈✐♦✉s❧② ❞✐❞ ✐♥ ❬✶✸❪✳
▲❡t x(t) ❜❡ t❤❡ s✐❣♥❛❧ t♦ ❛♥❛❧②s❡✳ ❖♥❡ ✈✐❡✇ ♦♥ ♠✉❧t✐❢r❛❝t❛❧ ❛♥❛❧②s✐s ❬✸✹❪ ✐s t♦ r❡❧❛t❡ t❤❡ st❛t✐st✐❝❛❧ ♣r♦♣❡rt✐❡s
♦❢ x(t) ❛♥❞ ♦❢ ❛ s❝❛❧❡❞ ✈❡rs✐♦♥ ♦❢ ✐t x(at)✳ ■♥ t❡r♠s ♦❢ ❢r❡q✉❡♥❝② ❛♥❛❧②s✐s✱ t❤❛t s❝❛❧✐♥❣ ✐♥ t✐♠❡ ❝♦rr❡s♣♦♥❞s t♦
❛ ❢r❡q✉❡♥❝② s❤✐❢t✳ ❍❡♥❝❡✱ ❛♥♦t❤❡r ✈✐❡✇ ♦❢ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts ❢❡❛t✉r❡ ✐s t❤❛t t❤❡② ❝❤❛r❛❝t❡r✐③❡ s♦♠❡
❢♦r♠ ♦❢ ✐♥t❡r✲❢r❡q✉❡♥❝② ✐♥❢♦r♠❛t✐♦♥✱ ❛s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s s❡❝t✐♦♥✳
▼♦r❡ ♣r❡❝✐s❡❧②✿
• ❚❤❡ s✐❣♥❛❧ x(t) ✐s ❞❡❝♦♠♣♦s❡❞ ✉s✐♥❣ ❛ ❉✐s❝r❡t❡ ❲❛✈❡❧❡t ❚r❛♥s❢♦r♠ t♦ ❣❡t t❤❡ ✇❛✈❡❧❡t ❝♦❡✣❝✐❡♥ts w(s, ts)
❛t ❡❛❝❤ ❞②❛❞✐❝ s❝❛❧❡ s ❛♥❞ t✐♠❡ ✐♥t❡r✈❛❧ ts✳
• ❚❤❡ ✇❛✈❡❧❡t ❧❡❛❞❡rs ❛t ❡❛❝❤ s❝❛❧❡ s ❛r❡ t❤❡♥ ❡①tr❛❝t❡❞ ❜② ❝♦♠♣✉t✐♥❣ t❤❡ ♠❛①✐♠❛ ♦❢ t❤❡ ✇❛✈❡❧❡t ❝♦❡❢✲
✜❝✐❡♥ts ♦✈❡r ❛❧❧ s❛♠♣❧❡s ✐♥✈♦❧✈❡❞ ❢♦r ❝♦♠♣✉t✐♥❣ w(s, ts − 1)✱ w(s, ts) ❛♥❞ w(s, ts + 1) ✭✐♥❝❧✉❞✐♥❣ ❧♦✇❡r
s❝❛❧❡s✮✳ ❯s✐♥❣ t❤r❡❡ ❝♦❡✣❝✐❡♥ts ✐♥st❡❛❞ ♦❢ ♦♥❡ ✐s ❥✉st✐✜❡❞ ✐♥ ❬✶❪ ❛♥❞ ❛❝❤✐❡✈❡s ❛ ❜✐❛s✴✈❛r✐❛♥❝❡ tr❛❞❡♦✛✳







r❛♥❣❡ ♦❢ ❡①♣♦♥❡♥ts q✱ t❤❡♥
• ❛ ▲❡❣❡♥❞r❡ tr❛♥s❢♦r♠ ♦r ❛ ❞✐r❡❝t ❍♦❧❞❡r ❡①♣♦♥❡♥t ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ ❛s ✐♥ ❬✶✸❪ ✐s ♣❡r❢♦r♠❡❞ t♦ ♦❜t❛✐♥
t❤❡ ♠✉❧t✐❢r❛❝t❛❧ s♣❡❝tr✉♠✳ ❍❡r❡ ✇❡ ✉s❡ ✐♥st❡❛❞ t❤❡ r❡❝❡♥t t❡❝❤♥✐q✉❡ ✐♥tr♦❞✉❝❡❞ ❜② ❬✺✷❪ ❛♥❞ ❝♦♠♣✉t❡ t❤❡
✇❛✈❡❧❡t ❧❡❛❞❡r ❝✉♠✉❧❛♥ts ♦❢ ♦r❞❡rs ✶ t♦ ✺ ✭s❡❡ t❤❛t r❡❢❡r❡♥❝❡✮✳ ❆s ♥♦t❡❞ ✐♥ ❬✺✷❪ t❤❡ ✜rst ❢❡✇ ❝✉♠✉❧❛♥ts
❛❧r❡❛❞② ❝♦♥t❛✐♥ ♠♦st ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✉s❡❢✉❧ ✐♥ ♣r❛❝t✐❝❡ ❢♦r ❝❤❛r❛❝t❡r✐s✐♥❣ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡
❍♦❧❞❡r ❡①♣♦♥❡♥ts✳ ❋♦r ❛ ❝❧❛ss✐✜❝❛t✐♦♥ t❛s❦ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ♥♦✇ ❜❡ ❡①♣❧♦✐t❡❞ ✐♥ ❛ ♠♦r❡ ❝♦♥❞❡♥s❡❞
❢♦r♠✳ ❈♦♠♣❛r❡❞ t♦ ✇❤❛t ✇❡ ♣r❡✈✐♦✉s❧② ❞✐❞ ✐♥ ❬✶✸❪ ✇❡ t❤✉s ❤❛✈❡ ❛ ❢❡❛t✉r❡ t❤❛t ❜❡tt❡r ❝❤❛r❛❝t❡r✐③❡s t❤❡
♠✉❧t✐❢r❛❝t❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ s✐❣♥❛❧✳
• ❚❤❡ ✺ ✜rst ❝✉♠✉❧❛♥ts ❛r❡ ❝♦♠♣✉t❡❞ ❢♦r t❤❡ ❧❡❛❞❡rs ❛t ❡❛❝❤ s❝❛❧❡ s✳ ❈♦♥s✐❞❡r✐♥❣ t❤❡r❡ ✐s ❛t ♠♦st L ❧❡✈❡❧s
♦❢ ✇❛✈❡❧❡t tr❛♥s❢♦r♠ ✐♥ ❛ s✐❣♥❛❧ ♦❢ s✐③❡ ❜❡t✇❡❡♥ 2L ❛♥❞ 2L+1✱ ✇❡ ❣❡t ❛ t♦t❛❧ ♦❢ 5 × L ❝✉♠✉❧❛♥ts ❢♦r
t❤❡ s✐❣♥❛❧✱ t❤❛t ♣r♦❣r❡ss✐✈❡❧② ❡♥❝♦♠♣❛ss ♠♦r❡ ❛♥❞ ♠♦r❡ ❢r❡q✉❡♥❝② ❜❛♥❞s ❛s t❤❡ s❝❛❧❡ ✐♥❝r❡❛s❡s✳ ❚❤❡s❡
5× L ❝✉♠✉❧❛♥ts ♣❡r ❝❤❛♥♥❡❧ ❛r❡ ✉s❡❞ ❛s t❤❡ ❢❡❛t✉r❡ ✈❡❝t♦r✳
❚❤✐s ♠❡t❤♦❞ ❝❛♥ ❜❡ q✉✐t❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✐♥t❡r❢❡r❡♥❝❡s ❛t ✺✵ ❍③✳ ❲❡ t❤✉s
♣r❡✲✜❧t❡r t❤❡ s✐❣♥❛❧s ❛s ❞❡s❝r✐❜❡❞ ✐♥ s❡❝t✐♦♥ ✹✳✶ ❜❡❢♦r❡ ♣r♦❝❡❡❞✐♥❣ t♦ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts ❡st✐♠❛t✐♦♥✳
✸ Pr❡❞✐❝t✐✈❡ ❝♦♠♣❧❡①✐t② ♠❡❛s✉r❡
❚❤✐s ♣❛♣❡r ✐♥tr♦❞✉❝❡s ❢♦r t❤❡ ✜rst t✐♠❡ t❤❡ ♣r❡❞✐❝t✐✈❡ ❝♦♠♣❧❡①✐t② ♠❡❛s✉r❡ ♦❢ ❬✶✹❪ ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ❊❊●
❝❧❛ss✐✜❝❛t✐♦♥✳
❚❤❡ ✐♥t✉✐t✐✈❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤✐s ❢❡❛t✉r❡ ✐s t♦ q✉❛♥t✐❢② t❤❡ ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ✐s ♥❡❝❡ss❛r② t♦ r❡t❛✐♥
❢r♦♠ t❤❡ ♣❛st ♦❢ t❤❡ s❡r✐❡s ✐♥ ♦r❞❡r t♦ ❜❡ ❛❜❧❡ t♦ ♣r❡❞✐❝t ♦♣t✐♠❛❧❧② t❤❡ ❢✉t✉r❡ ♦❢ t❤❡ s❡r✐❡s ✭❬✹✻❪✱ ❛♥❞ s❡❡ ❜❡❧♦✇
❢♦r t❤❡ ♦♣t✐♠❛❧✐t② ❝r✐t❡r✐♦♥✮✳
❲❡ ❤❛❞ ✐♥❞✐❝❛t✐♦♥ ❢r♦♠ r❡❧❛t❡❞ ♣r❡✈✐♦✉s ✇♦r❦s t❤❛t t❤❡ ❢❡❛t✉r❡ ❝♦✉❧❞ ❜❡ r❡❧❡✈❛♥t ❢♦r ❊❊●s✿
• ❆t t❤❡ ❧❡✈❡❧ ♦❢ ♥❡✉r♦♥s✿ st❛t✐st✐❝❛❧ ❝♦♠♣❧❡①✐t② ✇❛s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ str✉❝t✉r❡ ♦❢ s♣✐❦❡
tr❛✐♥s ❬✷✻❪✳ ■t ✇❛s ❛❧s♦ s❤♦✇♥ t♦ ❞❡❝r❡❛s❡ ✇❤✐❧❡ t❤❡ ♥❡✉r♦♥s ❛r❡ ❧❡❛r♥✐♥❣ ✐♥ ❛♥ ❛rt✐✜❝✐❛❧ s♣✐❦✐♥❣ ♥❡✉r❛❧
♥❡t✇♦r❦ ❬✶✷❪✳
• ❆t t❤❡ ❧❡✈❡❧ ♦❢ t❤❡ ❜r❛✐♥✿ ✐♥❢♦r♠❛t✐♦♥ ❝♦❤❡r❡♥❝❡ ❛♥❞ s②♥❝❤r♦♥✐s❛t✐♦♥ ♠❡❝❤❛♥✐s♠ ❜❡t✇❡❡♥ ❝♦♠♠✉♥✐t✐❡s
♦❢ ♥❡✉r♦♥s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❬✸✵❪✱ r❡❧②✐♥❣ ♦♥ r❡❧❛t❡❞ t❡❝❤♥✐q✉❡s✳
✸✳✶ ❉❡❝✐s✐♦♥❛❧ st❛t❡s ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♣❧❡①✐t② ♠❡❛s✉r❡
■♥❢♦r♠❛❧❧②✱ t❤❡ ✐❞❡❛ ❜❡❤✐♥❞ t❤❡ ❞❡❝✐s✐♦♥❛❧ st❛t❡s ✐s t♦ ❝♦♥str✉❝t ❛ ▼❛r❦♦✈✐❛♥ ❛✉t♦♠❛t♦♥ ❬✶✾✱ ✹✻❪ ✇❤♦s❡ st❛t❡s
❝♦rr❡s♣♦♥❞ t♦ t❛❦✐♥❣ t❤❡ s❛♠❡ ❞❡❝✐s✐♦♥s ❬✶✹❪✱ ❛❝❝♦r❞✐♥❣ t♦ ❛ ✉s❡r✲❞❡✜♥❡❞ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✳ ❚❤❡s❡ ❞❡❝✐s✐♦♥s ❛r❡
t❤♦s❡ t❤❛t ♦♥❡ ❝❛♥ t❛❦❡ ❜❛s❡❞ ♦♥ ♣r❡❞✐❝t✐♦♥s ♦❢ t❤❡ ❢✉t✉r❡ ❛♥❞ t❤❡✐r ❡①♣❡❝t❡❞ ✉t✐❧✐t②✳
✸
❚❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ s❡r✐❡s ✐s t❤❡♥ ❝♦♠♣✉t❡❞ ❛s t❤❡ ♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✐♥t❡r♥❛❧ st❛t❡s
♦❢ t❤❡ ▼❛r❦♦✈✐❛♥ ❛✉t♦♠❛t♦♥✱ ❛♥❞ t❤❡ s❡r✐❡s ✐ts❡❧❢✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ✐s ♥✉❧❧ ❢♦r ❛ ✈❡r② r❡❣✉❧❛r s❡r✐❡s✱ ❢♦r
❡①❛♠♣❧❡ ❛ ❝♦♥st❛♥t s❡r✐❡s ♦r ❛ s❡r✐❡s ✇❤❡r❡ ✇❡ ❛❧✇❛②s t❛❦❡ t❤❡ s❛♠❡ ❞❡❝✐s✐♦♥✿ t❤❡r❡ ✐s ♦♥❧② ❛ s✐♥❣❧❡ st❛t❡
✐♥ t❤❡ ❛✉t♦♠❛t♦♥✳ ❙✐♠✐❧❛r❧② t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ ❛ ❝♦♠♣❧❡t❡❧② r❛♥❞♦♠ s❡r✐❡s ✐s ❛❧s♦ ♥✉❧❧✿ ✐t ❝❛♥ ❜❡ ♠♦❞❡❧❧❡❞
❜② s✉❝❝❡ss✐✈❡ ✐♥❞❡♣❡♥❞❡♥t ❞r❛✇s ❢r♦♠ ❛ ✜①❡❞ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✱ ✇❤♦s❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✇❡ t❛❦❡ t♦
♠❛❦❡ ♦✉r ❞❡❝✐s✐♦♥✳ ❚❤✐s ❧❡❛❞s ❛❣❛✐♥ t♦ ❛ s✐♥❣❧❡ ▼❛r❦♦✈✐❛♥ ❛✉t♦♠❛t♦♥ st❛t❡✱ ❤❡♥❝❡ ❛ ♥✉❧❧ ❝♦♠♣❧❡①✐t②✳ ❚❤❡
❝♦♠♣❧❡①✐t② ♠❡❛s✉r❡ ✐♥❝r❡❛s❡s ♦♥❧② ❢♦r ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ s❡r✐❡s ✇✐t❤ ♠❛♥② ✐♥t❡r♥❛❧ st❛t❡s ✭✐✳❡✳ ♠❛♥② ❞✐st✐♥❝t
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ♦❢ ✇❤❛t ❤❛♣♣❡♥s ♥❡①t✱ ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❛t ♣r❡✈✐♦✉s❧② ❤❛♣♣❡♥❡❞✱ ❧❡❛❞✐♥❣ t♦ ❞✐✛❡r❡♥t
❞❡❝✐s✐♦♥s✮✳
Pr❡s✉♠❛❜❧② ✇❤❡♥ t❤❡ ❊❊● ❝♦rr❡s♣♦♥❞s ♦r ♥♦t t♦ s♦♠❡ ❢✉♥❝t✐♦♥❛❧ ❛❝t✐✈✐t②✱ t❤❡ ❝♦♠♣❧❡①✐t② ♦❢ t❤❡ s❡r✐❡s
s❤♦✉❧❞ ❝❤❛♥❣❡✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ♣❧✉❣ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ t❡❝❤♥✐q✉❡s ❢♦r ♠♦♥✐t♦r✐♥❣ t❤❛t ❝❤❛♥❣❡✳ ❋♦r ❡①❛♠♣❧❡✱
✇❤❡♥ t❤❡r❡ ✐s ♦♥❧② ❛ ❜❛❝❦❣r♦✉♥❞ ❛❝t✐✈✐t② ✐♥ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ♠♦t♦r ❛r❡❛s ♦❢ t❤❡ ❜r❛✐♥ ✇❡ s❤❛❧❧ ♦❜s❡r✈❡ ❛ ❣✐✈❡♥
❝♦♠♣❧❡①✐t② ❧❡✈❡❧ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❊❊● s✐❣♥❛❧s✳ ■❢ t❤❡r❡ ✐s ❛♥ ❛❝t✐✈✐t② ✐♥ ♦♥❧② ♦♥❡ ♦❢ t❤❡s❡ t✇♦ ❜r❛✐♥ ❛r❡❛s
t❤❡♥ t❤❡ ❝♦♠♣❧❡①✐t② s❤♦✉❧❞ ♣r♦❜❛❜❧② ❝❤❛♥❣❡ ✐♥ t❤❛t ❛r❡❛ ❛♥❞ ♥♦t ✐♥ t❤❡ ♦t❤❡r✳ ❊✈❡♥ ✐❢ ✈❡r② ✉♥♣r❡❞✐❝t❛❜❧❡
❛♥❞ ✈❡r② ♣r❡❞✐❝t❛❜❧❡ s✐❣♥❛❧s ❤❛✈❡ ✐♥ t❤❡♦r② ❛❜♦✉t t❤❡ s❛♠❡ ❝♦♠♣❧❡①✐t②✱ ✐♥ ♣r❛❝t✐❝❡ ✇❡ ♥❡✈❡r ❡①♣❡❝t ❊❊●
s✐❣♥❛❧s t♦ ❜❡ ❡✐t❤❡r t♦t❛❧❧② ✉♥♣r❡❞✐❝t❛❜❧❡ ✭✐✳❡✳ t❤❡② ❛r❡ ♦♥❧② ❜❛❝❦❣r♦✉♥❞ ♣❛tt❡r♥s✮ ♦r ✈❡r② ♣r❡❞✐❝t❛❜❧❡ ✭✐✳❡✳
t❤❡ ❊❊●s ❤❛✈❡ ✐♥❤❡r❡♥t ✢✉❝t✉❛t✐♦♥s ✉♥r❡❧❛t❡❞ t♦ t❤❡ t❛s❦ ✇❡ ♠♦♥✐t♦r✮ ❞✉r✐♥❣ ❛ ♠♦t♦r ✐♠❛❣❡r② t❛s❦✳ ❚❤✉s
✇❡ ❡①♣❡❝t t❤❛t ❛ ♠❛❝❤✐♥❡ ❧❡❛r♥✐♥❣ ❛❧❣♦r✐t❤♠ tr❛✐♥❡❞ t♦ ❞✐st✐♥❣✉✐s❤ t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ ❝♦♠♣❧❡①✐t✐❡s ♦❢ t❤❡ ❊❊●
s✐❣♥❛❧s r❡❝♦r❞❡❞ ♦✈❡r t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t ♠♦t♦r ❝♦rt✐❝❡s ✇♦✉❧❞ s✉❝❝❡ss❢✉❧❧② ✐❞❡♥t✐❢② s♦♠❡ ❝❤❛♥❣❡ ✐♥ ♠❡♥t❛❧ st❛t❡✳
❘❡s✉❧ts ✐♥ s❡❝t✐♦♥ ✹ s❤♦✇ t❤❛t ❢♦r s♦♠❡ s✉❜❥❡❝ts t❤✐s ❝r✐t❡r✐♦♥ ❛❧♦♥❡ ❛❧❧♦✇s ❢♦r ♠♦r❡ t❤❛♥ ✾✵✪ r❡❝♦❣♥✐t✐♦♥
r❛t❡✳
❋♦r♠❛❧ ❞❡s❝r✐♣t✐♦♥
❋♦r♠❛❧❧②✱ ❧❡t (st) ❜❡ ❛ t✐♠❡ s❡r✐❡s✱ ✇✐t❤ t t❤❡ t✐♠❡ ✐♥❞❡①✳ ▲❡t s
−∞
t = (su)u≤t ❛♥❞ s
+∞
t = (su)t<u ❜❡ t❤❡ ♣❛st
❛♥❞ ❢✉t✉r❡ ❤✐st♦r✐❡s ❛t t✐♠❡ t✳ ■♥ ♣r❛❝t✐❝❡ ❛♥❞ ❢♦r r❡❛❧ ♠❡❛s✉r❡s✱ t❤❡ t✐♠❡ r❛♥❣❡ ✐s ✜♥✐t❡✿ 0 ≤ t ≤ T ✳ ❙✐♠✐❧❛r❧②
✇❡ ♠❡❛s✉r❡ t❤❡ ♣❛st ❛♥❞ ❢✉t✉r❡ ❤✐st♦r✐❡s ✇✐t❤ ✜♥✐t❡ ❤♦r✐③♦♥s✿ s−ht = (su)t−h≤u≤t ❛♥❞ s
+k
t = (su)t<u≤t+k✳







❡❛❝❤ t✐♠❡ t ✭♣♦ss✐❜❧② ✇✐t❤ h ♦r k ✐♥✜♥✐t❡✮✳ ❆ss✉♠✐♥❣ t❤❡ s②st❡♠ ✐s ❝♦♥❞✐t✐♦♥❛❧❧② st❛t✐♦♥❛r②✱ t❤❛t ❞✐str✐❜✉t✐♦♥
❞♦❡s ♥♦t ❝❤❛♥❣❡ t❤r♦✉❣❤ t✐♠❡✿ t❤❡ s❛♠❡ ❝❛✉s❡s ♣r♦❞✉❝❡ t❤❡ s❛♠❡ ❝♦♥s❡q✉❡♥❝❡s✳ ■♥ t❤❡ ❝♦♥t❡①t ♦❢ ❇❈■ ✇❡
❛ss✉♠❡ t❤❛t t❤❡ ❜r❛✐♥ ♣❛tt❡r♥s ♠♦♥✐t♦r❡❞ ♦✈❡r ❛ ❢❡✇ s❡❝♦♥❞s ❞✉r✐♥❣ ♠♦t♦r ✐♠❛❣❡r② t❛s❦s r❡s♣❡❝t t❤✐s ❝r✐t❡r✐❛✳
❚❤✐s ✐s ✐♥❞❡❡❞ ❛ r❡❛s♦♥❛❜❧❡ ❤②♣♦t❤❡s✐s✿ t❤❡ s✐❣♥❛❧ ✐ts❡❧❢ ♠❛② ♥♦t ❜❡ st❛t✐♦♥♥❛r②✱ ❜✉t ♦✈❡r t❤❛t s❤♦rt ♣❡r✐♦❞
t❤❡ ❝❛✉s❡ ♦❢ t❤❡ ❞❡t❡❝t❡❞ ♣❛tt❡r♥s ❞♦❡s ♥♦t ❝❤❛♥❣❡✳










t❤❡ s❡ts ♦❢ ❛❧❧ ♣❛st ❛♥❞ ❢✉t✉r❡ ❤✐st♦r✐❡s✳ ❲❡ ✇✐❧❧ ❞r♦♣ t❤❡
t✐♠❡ ✐♥❞✐❝❡s ❢r♦♠ ♥♦✇ ♦♥ t♦ ✐♥❞✐❝❛t❡ t❤❡ t✐♠❡ s❤✐❢t ✐♥✈❛r✐❛♥❝❡✳
❚❤❡ ❝❛✉s❛❧ st❛t❡s ζ ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s ♦❢ ♣❛st ❤✐st♦r✐❡s ✇✐t❤ t❤❡ s❛♠❡ ❝♦♥❞✐t✐♦♥❛❧





















❝❛✉s❛❧ st❛t❡ ❛t t❤❡ ❝✉rr❡♥t t✐♠❡ ✐s t❤❡ ♠✐♥✐♠❛❧ ✐♥❢♦r♠❛t✐♦♥ ♥❡❡❞❡❞ ❢♦r ♠❛❦✐♥❣ ♦♣t✐♠❛❧ ♣r❡❞✐❝t✐♦♥s ❬✹✻❪ ✉s✐♥❣
t❤❡ ❢✉❧❧ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✳
■♥ t❤❡ ❞✐s❝r❡t❡ ❝❛s❡ t❤❡ s❡r✐❡s ❛r❡ str✐♥❣s ♦❢ s②♠❜♦❧s ❞r❛✇♥ ❢r♦♠ ❛♥ ❛❧♣❤❛❜❡t A✳ ❊❛❝❤ t✐♠❡ st❡♣ ✐♠♣❧✐❡s
❛ s②♠❜♦❧ tr❛♥s✐t✐♦♥✱ ✇❤✐❝❤ ♣♦ss✐❜❧② ❧❡❛❞s t♦ ❛ ❞✐✛❡r❡♥t ❝❛✉s❛❧ st❛t❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛✉t♦♠❛t♦♥ ✐s ❝❛❧❧❡❞
t❤❡ ǫ✲♠❛❝❤✐♥❡ ❬✶✾❪✳








q✉❛♥t✐✜❡s t❤❡ ❣❛✐♥ ✭♣♦s✐✲
t✐✈❡✮ ♦r ❧♦ss ✭♥❡❣❛t✐✈❡✮ ✇❤❡♥ t❤❡ ✉s❡r r❡❧✐❡❞ ♦♥ t❤❡ ♣r❡❞✐❝t✐♦♥ r+k ✇❤✐❧❡ s+k ❛❝t✉❛❧❧② ❤❛♣♣❡♥❡❞✳ ❲❡ ❝❛♥ ♥♦✇












✱ q✉❛♥t✐❢②✐♥❣ ✇❤❛t ✉t✐❧✐t② ❝❛♥ ❜❡ ❡①✲
♣❡❝t❡❞ ♦♥ ❛✈❡r❛❣❡ ✇❤❡♥ ❝❤♦♦s✐♥❣ t❤❡ ♣r❡❞✐❝t✐♦♥ r+k ❢♦r t❤❡ ❝✉rr❡♥t s②st❡♠ st❛t❡ s−h✳ ❚❤❡ s❡t ♦❢ ♦♣t✐♠❛❧ ♣r❡✲















≡ ♥❛t✉r❛❧❧② ❡①t❡♥❞ t❤❡ ❝❛✉s❛❧ st❛t❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥
c
≡✱
t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✿
• r−h
p








✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐s♦✲♣r❡❞✐❝t✐♦♥ s❡ts ❛s ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✳
❆❧❧ ♣❛st ❤✐st♦r✐❡s ✇✐t❤✐♥ t❤❡ s❛♠❡ ❝❧❛ss ❧❡❛❞ t♦ ❝❤♦♦s✐♥❣ t❤❡ s❛♠❡ ♣r❡❞✐❝t✐♦♥s✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ❡①♣❡❝t❡❞












✱ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐s♦✲✉t✐❧✐t②
s❡ts ❛s ❡q✉✐✈❛❧❡♥❝❡ ❝❧❛ss❡s✳ ❆❧❧ ♣❛st ❤✐st♦r✐❡s ✇✐t❤✐♥ t❤❡ s❛♠❡ ❝❧❛ss ❧❡❛❞ t♦ t❤❡ s❛♠❡ ♠❛①✐♠✉♠ ❡①♣❡❝t❡❞
✉t✐❧✐t②✱ ❡✈❡♥ t❤♦✉❣❤ t❤❡ ♦♣t✐♠❛❧ ♣r❡❞✐❝t✐♦♥s t♦ ❝❤♦♦s❡ ❢♦r r❡❛❝❤✐♥❣ t❤✐s ✉t✐❧✐t② ❛r❡ ♥♦t s♣❡❝✐✜❡❞✳
• r−h
d
≡ s−h ✇❤❡♥ r−h
p
≡ s−h ❛♥❞ r−h
u
≡ s−h✳ ❚❤❡ ✐♥t❡rs❡❝t✐♦♥ ♦❢ t❤❡ ❛❜♦✈❡ ✐s♦✲✉t✐❧✐t② ❛♥❞ ✐s♦✲♣r❡❞✐❝t✐♦♥
s❡ts ❞❡✜♥❡ t❤❡ ❞❡❝✐s✐♦♥❛❧ st❛t❡s✿ Ψ(s−k) =
{






✳ ❲❡ ❛ss✉♠❡ t❤❛t ✇❤❡♥ ❜♦t❤
t❤❡ ♠❛①✐♠❛❧ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❛♥❞ t❤❡ ♦♣t✐♠❛❧ ♣r❡❞✐❝t✐♦♥s ❛r❡ t❤❡ s❛♠❡✱ t❤❡ ✉s❡r ✇✐❧❧ r❡❛❝❤ t❤❡ s❛♠❡
❞❡❝✐s✐♦♥s✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ❡♥❝♦❞❡s ❛❧❧ t❤❡ ✉s❡r ♥❡❡❞s t♦ ❦♥♦✇ t♦ r❡❛❝❤ ❛ ❞❡❝✐s✐♦♥✳
■t ❝❛♥ ❜❡ ❡❛s✐❧② s❤♦✇♥ ❬✶✹❪ t❤❛t t❤❡ ❝❛✉s❛❧ st❛t❡s s✉❜✲♣❛rt✐t✐♦♥ t❤❡ ❞❡❝✐s✐♦♥❛❧ st❛t❡s✳ ❚❤❛t ✐s t♦ s❛②✱ t❤❡ ❝❛✉s❛❧
st❛t❡s ❤❛✈❡ ❧♦st t❤❡✐r ♠✐♥✐♠❛❧✐t② ♣r♦♣❡rt② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ✇❡ ❛r❡ ♥♦t ✐♥t❡r❡st❡❞ ✐♥ t❤❡ ❢✉❧❧ ❝♦♥❞✐t✐♦♥❛❧
❞✐str✐❜✉t✐♦♥ ♦❢ ❢✉t✉r❡s ❜✉t ♦♥❧② ✐♥ t❤❡ ♦♣t✐♠❛❧ ❞❡❝✐s✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ❛ ✉s❡r✲❞❡✜♥❡❞ ✉t✐❧✐t② ❢✉♥❝t✐♦♥✳










st❛t❡ ❛♥❞ t❤❡ s❡r✐❡s ♦❢ s−h ❞❡✜♥❡s ❛♥ ✐♥tr✐♥s✐❝ ♠❡❛s✉r❡✱ t❤❡ st❛t✐st✐❝❛❧ ❝♦♠♣❧❡①✐t②
❬✶✾❪✱ q✉❛♥t✐❢②✐♥❣ ❤♦✇ ❤❛r❞ ✐t ✐s t♦ ❣❡t t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ ❢✉t✉r❡s ❢r♦♠ t❤❡ ❝✉rr❡♥t ♦❜s❡r✈❡❞ ♣❛st✳
❚❤❡ ❞❡❝✐s✐♦♥❛❧ st❛t❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ str✉❝t✉r❡ ✐♠♣❧✐❡❞ ❜② t❤❡ ✉s❡r ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦♥ t♦♣ ♦❢ t❤❡
❝❛✉s❛❧ st❛t❡s✳ ❆s ❢♦r t❤❡ ❝❛✉s❛❧ st❛t❡s✱ ❦♥♦✇✐♥❣ t❤❡ ❞❡❝✐s✐♦♥❛❧ st❛t❡ ❛t t❤❡ ❝✉rr❡♥t t✐♠❡ ✐s t❤❡ ✐♥❢♦r♠❛t✐♦♥






) s✐♠✐❧❛r❧② ❞❡✜♥❡s ❛ ❝♦♠♣❧❡①✐t② ♠❡❛s✉r❡ ❢♦r ❤♦✇ ❤❛r❞ ✐t ✐s t♦ ♠❛❦❡ t❤❡s❡ ♣r❡❞✐❝t✐♦♥s✱
❝❛❧❧❡❞ ❞❡❝✐s✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ❜② ❛♥❛❧♦❣② ✇✐t❤ t❤❡ st❛t✐st✐❝❛❧ ❝♦♠♣❧❡①✐t②✳
✸✳✷ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❊❊● ❞❛t❛
















✉s✐♥❣ ❛ ❦❡r♥❡❧ ❞❡♥s✐t② ❡st✐♠❛t✐♦♥ ✇✐t❤ ●❛✉ss✐❛♥ ❦❡r♥❡❧s✳ ❚❤❡ ❝♦♥❞✐t✐♦♥❛❧ ♣r♦❜✲































❋✐❣✉r❡ ✶✿ ❊①tr❛❝t✐♦♥ st❡♣s ❢♦r ❡❛❝❤ ❢❡❛t✉r❡
✺
❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ✉♣ t♦ ❛ ✜①❡❞ ❇❤❛tt❛❝❤❛r②②❛ ❞✐st❛♥❝❡ t❤r❡s❤♦❧❞ ✭❝❤♦s❡♥ t♦ ❜❡ 0.05✮ ❜❡t✇❡❡♥ t❤❡ ❝♦♥✲













✳ ❋✐♥❛❧❧②✱ t❤❡ ❝❛✉s❛❧ st❛t❡s
❛r❡ t❤❡♠s❡❧✈❡s ❝❧✉st❡r❡❞ ✐♥t♦ ✐s♦✲✉t✐❧✐t② ❛♥❞ ✐s♦✲♣r❡❞✐❝t✐♦♥ s❡ts✱ ✇❤✐❝❤ ❛r❡ ✐♥t❡rs❡❝t❡❞ t♦ ❣❡t t❤❡ ❞❡❝✐s✐♦♥❛❧
st❛t❡s ω✳
❚❤❡ ❞❡❝✐s✐♦♥❛❧ ❝♦♠♣❧❡①✐t② ✐s t❤❡ ❢❡❛t✉r❡ t❤❛t ✐s ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ ❊❊● s❡r✐❡s✳ ❲❡ t❤✉s ❣❡t ♦♥❡ ❢❡❛t✉r❡
♣❡r ❝❤❛♥♥❡❧✳
❋✐❣✉r❡ ✶ ❞✐s♣❧❛②s t❤❡ ❡①tr❛❝t✐♦♥ st❡♣s ❢♦r ❡❛❝❤ ❢❡❛t✉r❡✳
✹ ❊✈❛❧✉❛t✐♦♥
❲❡ ❡✈❛❧✉❛t❡❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ♦✉r ♥❡✇ ❢❡❛t✉r❡s ❛♥❞ t❤❡✐r ❝♦♠❜✐♥❛t✐♦♥s ♦♥ ❝❧❛ss✐❝❛❧ ♠♦t♦r✲✐♠❛❣❡r② ❜❡♥❝❤✲
♠❛r❦s✱ s♦ t❤❡② ❝❛♥ ❜❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡ ❧✐tt❡r❛t✉r❡ ❬✹✺❪✳ ❲❡ ❛❧s♦ ✇♦r❦❡❞ ♦♥ r❛✇ ❞❛t❛ ❝❛♣t✉r❡❞ ❜② ❤♦♠❡✲♠❛❞❡
s♦❢t✇❛r❡✱ t❤❛t ❛❧❧♦✇s ✉s t♦ ❛✈♦✐❞ ❛♥② ✐♥t❡r❢❡r❡♥❝❡ ✇✐t❤ t❤❡ ♣r❡✲✜❧t❡r✐♥❣ ♣❡r❢♦r♠❡❞ ✐♥ t❤❡ ❇❈■ ❝♦♠♣❡t✐t✐♦♥
❞❛t❛ s❡ts ❬✽❪❬✾❪✳ ❚❤❛t ❧❛st r❛✇ ❞❛t❛ ✐s ♠❛❞❡ ❛✈❛✐❧❛❜❧❡ t♦ t❤❡ ❝♦♠♠✉♥✐t②✱ ❛ ❧✐♥❦ ✐s ♣r♦✈✐❞❡❞ ❛t t❤❡ ❡♥❞ ♦❢ t❤❡
❞♦❝✉♠❡♥t✳
✹✳✶ ❉❛t❛ s❡ts
❋♦✉r ❞❛t❛ s❡ts ❢♦r ❛ t♦t❛❧ ♦❢ ✶✸ s✉❜❥❡❝ts ✇❡r❡ ✉s❡❞ ❢♦r ❡✈❛❧✉❛t✐♦♥ ✐♥ t❤✐s st✉❞②✳ ❉❛t❛ ❢♦r ✶✷ s✉❜❥❡❝ts ❝♦♠❡ ❢r♦♠
t❤❡ ✐♥t❡r♥❛t✐♦♥❛❧ ❇❈■ ❝♦♠♣❡t✐t✐♦♥s✶ ■■✱ ■■■✱ ❛♥❞ ■❱ ❬✽❪❬✾❪ ❛♥❞ ✇❛s ❝❛♣t✉r❡❞ ❛t t❤❡ ❉❡♣❛rt♠❡♥t ♦❢ ▼❡❞✐❝❛❧
■♥❢♦r♠❛t✐❝s✱ ■♥st✐t✉t❡ ❢♦r ❇✐♦♠❡❞✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ❯♥✐✈❡rs✐t② ♦❢ ❚❡❝❤♥♦❧♦❣② ●r❛③ ❬✹✺❪✳ ❚❤❡ ❞❛t❛ ❢♦r t❤❡
❧❛st s✉❜❥❡❝t ✇❛s ❛❝q✉✐r❡❞ ❛t ■◆❘■❆ ✭❋r❡♥❝❤ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ■♥st✐t✉t❡ ♦♥ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ❛♥❞ ❈♦♥tr♦❧✮
❘❡♥♥❡s✲❇r❡t❛❣♥❡ ❆t❧❛♥t✐q✉❡✱ ✉s✐♥❣ t❤❡ ❖♣❡♥❱✐❇❊ s♦❢t✇❛r❡ ♣❧❛t❢♦r♠ ❬✹✸❪✷✳ ■♥ ❛❧❧ t❤❡s❡ ❞❛t❛ s❡ts✱ ❊❊● s✐❣♥❛❧s
✇❡r❡ ❝♦❧❧❡❝t❡❞ ✇❤✐❧❡ s✉❜❥❡❝ts ✇❡r❡ ♣❡r❢♦r♠✐♥❣ ❧❡❢t ❤❛♥❞ ❛♥❞ r✐❣❤t ♠♦t♦r ✐♠❛❣❡r②✱ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ●r❛③ ❇❈■
♣r♦t♦❝♦❧ ❬✹✷❪✳ ❲✐t❤ t❤✐s ♣r♦t♦❝♦❧✱ ❉✉r✐♥❣ ❡❛❝❤ tr✐❛❧✱ t❤❡ s✉❜❥❡❝t ✐s ♣r❡s❡♥t❡❞ ✇✐t❤ ❛ ✈✐s✉❛❧ ❝✉❡ ✐♥❞✐❝❛t✐♥❣
❡✐t❤❡r ❧❡❢t ♦r r✐❣❤t ❛t r❛♥❞♦♠✱ ❛♥❞ s❤❛❧❧ t❤❡♥ ✐♠❛❣✐♥❡ ❛ ♠♦✈❡♠❡♥t ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤❛♥❞ ❞✉r✐♥❣ ✻s✳ ❋♦r
❡❛❝❤ ❞❛t❛ s❡t✱ ✇❡ ✉s❡❞ ❛❧❧ t❤❡ ❛✈❛✐❧❛❜❧❡ ❊❊● ❞❛t❛ ♦✈❡r t❤❡ ♠♦t♦r ✐♠❛❣❡r② ♣❡r✐♦❞ ✐♥ ♦r❞❡r t♦ ❡①tr❛❝t t❤❡
❢❡❛t✉r❡s✳ ❉✐✛❡r❡♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❞❛t❛ s❡ts ✐♥❝❧✉❞❡✿ t❤❡ ♥✉♠❜❡r ♦❢ s✉❜❥❡❝ts ❢r♦♠ ✇❤✐❝❤ ❊❊● ✇❡r❡ r❡❝♦r❞❡❞✱
t❤❡ ❊❊● ❡❧❡❝tr♦❞❡s ✉s❡❞✱ t❤❡ s❛♠♣❧✐♥❣ r❛t❡✱ t❤❡ ♥✉♠❜❡r ♦❢ tr✐❛❧s ❝♦❧❧❡❝t❡❞ ♣❡r ❝❧❛ss ❛♥❞ t❤❡ ♣r❡♣r♦❝❡ss✐♥❣
♠❡t❤♦❞ ✉s❡❞✳ ❚❤❡s❡ ❞✐✛❡r❡♥❝❡s ❛r❡ ❤✐❣❤❧✐❣❤t❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✳
✹✳✶✳✶ ❇❈■ ❝♦♠♣❡t✐t✐♦♥ ■■✱ ❞❛t❛ s❡t ■■■ ✭✶ s✉❜❥❡❝t✮
❚❤✐s ❞❛t❛ s❡t ❝♦♥t❛✐♥s ✷✽✵ tr✐❛❧s s❛♠♣❧❡❞ ❛t ✶✷✽ ❍③✳ ❚❤❡r❡ ✇❛s ✶✹✵ tr✐❛❧s ♦❢ ❧❡❢t ❝❧❛ss ✭❧❡❢t ❤❛♥❞ ♠♦t♦r
✐♠❛❣❡r②✮ ❛♥❞ ✶✹✵ tr✐❛❧s ♦❢ t❤❡ r✐❣❤t ❝❧❛ss ✭r✐❣❤t ❤❛♥❞ ♠♦t♦r ✐♠❛❣❡r②✮✳ ❊❊● ✇❡r❡ r❡❝♦r❞❡❞ ✉s✐♥❣ t❤❡ ❈✸✱ ❈✹
❛♥❞ ❈③ ❡❧❡❝tr♦❞❡s✱ ❤♦✇❡✈❡r✱ ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ❡✈❛❧✉❛t✐♦♥✱ ✇❡ ✉s❡❞ ♦♥❧② t❤❡ ❈✸ ❛♥❞ ❈✹ ❡❧❡❝tr♦❞❡s ❛s
r❡❝♦♠♠❡♥❞❡❞ ✐♥ ❬✸✶❪✳ ▼♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤✐s ❞❛t❛ s❡t ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✽❪✳
❚❤❡ ❞❛t❛ ✇❛s ❛❧r❡❛❞② ♣r❡♣r♦❝❡ss❡❞ ❜② ❛ ❜❛♥❞✲♣❛ss ✜❧t❡r ❜❡t✇❡❡♥ ✵✳✺ ❛♥❞ ✸✵ ❍③✳ ❯♥❢♦rt✉♥❛t❡❧②✱ t❤❡ ♥❛t✉r❡
♦❢ t❤❡ ✜❧t❡r ✐s ♥♦t s♣❡❝✐✜❡❞✱ ❛♥❞ t❤❡ ❉❈ ❝♦♠♣♦♥❡♥t ✇❛s ♥♦t ✇❡❧❧ r❡♠♦✈❡❞✳ ❙✐♥❝❡ t❤✐s ✐♥t❡r❢❡r❡s ✐♥ ♣❛rt✐❝✉❧❛r
✇✐t❤ t❤❡ ❛❧❣♦r✐t❤♠ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ s❡r✐❡s ❝♦♠♣❧❡①✐t②✱ ✇❡ ❞❡s✐❣♥❡❞ ❛ ♥❡✇ ❋■❘ ✜❧t❡r ✉s✐♥❣ ▼❊❚❊❖❘ ❬✹✼❪
✐♥ ♦r❞❡r t♦ ❣❡t✿ ❧❡ss t❤❛♥ ✶❞❇ ❝❤❛♥❣❡ ✐♥ ✹✲✸✵❍③ ✇✐t❤ ❛ ❧✐♥❡❛r ♣❤❛s❡ r❡s♣♦♥s❡✱ ❛t ❧❡❛st ✲✺✵❞❇ ❛t ✵ ❍③ ✭❛♥❞
❛❜♦✈❡ ✹✵ ❍③✱ t❤♦✉❣❤ ✐♥ t❤❡ ♣r❡s❡♥t ❝❛s❡ t❤❡ s✐❣♥❛❧ ✐s ❛❧r❡❛❞② ✜❧t❡r❡❞✮ ❛♥❞ ✶✴✹ s❡❝ ❞❡❧❛②✳
✹✳✶✳✷ ❇❈■ ❝♦♠♣❡t✐t✐♦♥ ■■■✱ ❞❛t❛ s❡t ■■■❜ ✭✷ s✉❜❥❡❝ts✮
❚❤✐s ❞❛t❛ s❡t ♦r✐❣✐♥❛❧❧② ❝♦♥s✐sts ♦❢ ❊❊● s✐❣♥❛❧s ❢r♦♠ ✸ s✉❜❥❡❝ts✳ ❍♦✇❡✈❡r✱ ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s st✉❞②✱
♦♥❧② s✉❜❥❡❝ts ❧❛❜❡❧❡❞ ❙✹ ❛♥❞ ❳✶✶ ✇❡r❡ ✉s❡❞✳ ■♥❞❡❡❞✱ ❊❊● s✐❣♥❛❧s ❢♦r s✉❜❥❡❝t ❖✸❱❘ ✇❡r❡ r❡❝♦r❞❡❞ ✉s✐♥❣ ❛
❞✐✛❡r❡♥t ♣r♦t♦❝♦❧ ❛♥❞ t❤❡ ❞❛t❛ ✜❧❡ ♣r♦✈✐❞❡❞ ♦♥❧✐♥❡ ❝♦♥t❛✐♥❡❞ ❡rr♦♥❡♦✉s❧② ❞✉♣❧✐❝❛t❡ s✐❣♥❛❧s✸✳ ❚❤❡ ❞❛t❛ ✇❛s
❝❛♣t✉r❡❞ ❛t ❛ ✶✷✺ ❍③ s❛♠♣❧✐♥❣ r❛t❡ ✉s✐♥❣ ❡❧❡❝tr♦❞❡s ❈✸ ❛♥❞ ❈✹✳ ▼♦r❡ ❞❡t❛✐❧s ❛❜♦✉t t❤✐s ❞❛t❛ s❡t ❝❛♥ ❜❡
❢♦✉♥❞ ✐♥ ❬✾❪✳ ❊❊● s✐❣♥❛❧s ✐♥ t❤✐s ❞❛t❛ s❡t ✇❡r❡ ❛❧r❡❛❞② ❜❛♥❞✲♣❛ss ✜❧t❡r❡❞ ✐♥ ✵✳✺✲✸✵ ❍③✳ ❆s ❢♦r t❤❡ ♣r❡✈✐♦✉s
✶❤tt♣✿✴✴✇✇✇✳❜❜❝✐✳❞❡✴❝♦♠♣❡t✐t✐♦♥✴
✷❤tt♣✿✴✴♦♣❡♥✈✐❜❡✳✐♥r✐❛✳❢r✴❄q❂❞❛t❛s❡ts
✸❙❡❡ ❤tt♣✿✴✴✇✇✇✳❜❜❝✐✳❞❡✴❝♦♠♣❡t✐t✐♦♥✴✐✐✐✴❞❡s❝❴■■■❜❴♣s✳❤t♠❧ ❢♦r ❞❡t❛✐❧s
✻
❞❛t❛ s❡t✱ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❋■❘ ✜❧t❡r ✇✐t❤ t❤❡ s❛♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ❛s t❤❡ ♣r❡✈✐♦✉s ♦♥❡ ✇❛s ❛♣♣❧✐❡❞✱ ❢♦r t❤❡ s❛♠❡
r❡❛s♦♥s✳
✹✳✶✳✸ ❇❈■ ❝♦♠♣❡t✐t✐♦♥ ■❱✱ ❞❛t❛ s❡t ■■❜ ✭✾ s✉❜❥❡❝ts✮
❚❤✐s t❤✐r❞ ❞❛t❛ s❡t ❝♦♥t❛✐♥s ♦❝❝✉❧❛r ❛rt✐❢❛❝ts t❤❛t ✐♥t❡r❢❡r❡ ✇✐t❤ t❤❡ ❜r❛✐♥ s✐❣♥❛❧s✳ ❆❧t❤♦✉❣❤ t❤✐s ✐s ❧❡ss
❝♦♥✈❡♥✐❡♥t ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ t❡st✐♥❣ ♦✉r t✇♦ ♥❡✇ ❢❡❛t✉r❡s✱ ✐t ✐s ❛❧s♦ ♠♦r❡ r❡❛❧✐st✐❝✳ ❲❡ t❤✉s ❝❤♦♦s❡❞ t♦
✐❣♥♦r❡ t❤❡ ❛rt✐❢❛❝ts ❛♥❞ ♣r♦❝❡ss ❛s ✐❢ t❤❡ s✐❣♥❛❧s ✇❡r❡ ❝❧❡❛♥ ❊❊●s✱ ✐♥ ♦r❞❡r t♦ ❛ss❡rt t❤❡ r♦❜✉st♥❡ss ♦❢ ♦✉r
❢❡❛t✉r❡s t♦ ♦❝❝✉❧❛r ❛rt✐❢❛❝ts✳
❉❛t❛ ❝♦♠✐♥❣ ❢r♦♠ ♥✐♥❡ s✉❜❥❡ts ✐s s❛♠♣❧❡❞ ❛t ✷✺✵ ❍③✱ ❛♥❞ ♣r❡✲♣r♦❝❡ss❡❞ ❜② ❛ ❜❛♥❞✲♣❛ss ✜❧t❡r ❜❡t✇❡❡♥ ✵✳✺
❛♥❞ ✶✵✵ ❍③ ✇✐t❤ ❛ ♥♦t❝❤ ❛t ✺✵ ❍③✳ ❋♦r t❤❡ ❛❢♦r❡♠❡♥t✐♦♥❡❞ r❡❛s♦♥s ✇❡ ❤❛❞ t♦ r❡✲✜❧t❡r t❤❡ s✐❣♥❛❧s✳ ❲❡ ❝❤♦♦s❡❞
❛ ❋■❘ ❞❡s✐❣♥ ✇✐t❤ ❛ ❜❛♥❞✲♣❛ss ❜❡t✇❡❡♥ ✻ ❛♥❞ ✸✵ ❍③✱ ✇✐t❤ ❛ ♥✉❧❧ ❛t ✵❍③ t♦ s✉♣♣r❡ss t❤❡ ❉❈ ❝♦♠♣♦♥❡♥t ❛♥❞
✲✺✵❞❇ ❛❜♦✈❡ ✹✵ ❍③✳
✹✳✶✳✹ ❖♣❡♥❱✐❇❊ ✴ ■◆❘■❆ ❞❛t❛ ✭✶ s✉❜❥❡❝t✮
✳ ❚❤✐s ❞❛t❛ s❡t ❝♦♠♣r✐s❡s ❊❊● s✐❣♥❛❧s ❢r♦♠ ❛ s✐♥❣❧❡ s✉❜❥❡❝t ❢♦r ✇❤✐❝❤ ✺✻✵ tr✐❛❧s ♦❢ ♠♦t♦r ✐♠❛❣❡r② ✭✷✽✵ tr✐❛❧s
♣❡r ❝❧❛ss✮ ✇❡r❡ r❡❝♦r❞❡❞ ♦✈❡r ❛ ✷ ✇❡❡❦ ♣❡r✐♦❞✳ ❍❛❧❢ ♦❢ t❤❡ tr✐❛❧s ✭r❛♥❞♦♠❧② s❡❧❡❝t❡❞ ❢r♦♠ ❛❧❧ ❡①♣❡r✐♠❡♥ts ♦✈❡r
t✐♠❡✮ ✐s ✉s❡❞ ❢♦r tr❛✐♥✐♥❣✱ t❤❡ r❡♠❛✐♥✐♥❣ ❤❛❧❢ ❢♦r t❡st✐♥❣✳
❊❊● ❞❛t❛ ✇❛s s❛♠♣❧❡❞ ❛t ✺✶✷ ❍③ ❛♥❞ r❡❝♦r❞❡❞ ✉s✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡❧❡❝tr♦❞❡s✿ ❈✸✱ ❈✹✱ ❋❈✸✱ ❋❈✹✱ ❈✺✱
❈✶✱ ❈✷✱ ❈✻✱ ❈P✸✱ ❈P✹✱ ✇✐t❤ ❛ ♥♦s❡ r❡❢❡r❡♥❝❡ ❡❧❡❝tr♦❞❡✳ ❚❤❡ ✉s❡ ♦❢ s✉❝❤ ❡❧❡❝tr♦❞❡s ❡♥❛❜❧❡s ✉s t♦ ❛♣♣❧② ❛
❞✐s❝r❡t❡ ▲❛♣❧❛❝✐❛♥ s♣❛t✐❛❧ ✜❧t❡r ❬✷✾❪ ♦✈❡r ❈✸ ❛♥❞ ❈✹ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❜❡tt❡r s✐❣♥❛❧s✱ ❛s r❡❝♦♠♠❡♥❞❡❞ ✐♥ ❬✸✻❪✳
❚❤❡ ❞❛t❛ ✇❛s ♣r❡♣r♦❝❡ss❡❞ ❜② ❛ ❋■❘ ✜❧t❡r ✇❡ ❞❡s✐❣♥❡❞ ✇✐t❤ ▼❊❚❊❖❘ ❬✹✼❪ ✐♥ ♦r❞❡r t♦ ❣❡t✿ ❧❡ss t❤❛♥ ✶❞❇
❝❤❛♥❣❡ ✐♥ ✹✲✸✵❍③ ❛♥❞ ❛ ❧✐♥❡❛r ♣❤❛s❡ r❡s♣♦♥s❡ ✐♥ t❤✐s r❛♥❣❡✱ ❛t ❧❡❛st ✲✺✵❞❇ ❛t ✵ ❍③ ❛♥❞ ❛❜♦✈❡ ✺✵ ❍③✱ ♥✉❧❧
r❡s♣♦♥s❡s ❛t ✺✵ ❍③ ❛♥❞ ❛❧❧ ❤❛r♠♦♥✐❝s✱ ❛♥❞ ❛ ✶✴✹ s❡❝ ❞❡❧❛②✳
✹✳✷ ❘❡s✉❧ts ♦❜t❛✐♥❡❞ ✇✐t❤ ❛❧❧ ❢❡❛t✉r❡s ❛♥❞ t❤❡✐r ❝♦♠❜✐♥❛t✐♦♥s
❚❤❡ ❣♦❛❧ ♦❢ t❤✐s s❡❝t✐♦♥ ✐s t♦ s❤♦✇ ✇❤❛t r❡s✉❧ts ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✇✐t❤ ❡❛❝❤ ❢❡❛t✉r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ✐s♦❧❛t✐♦♥✱
❛♥❞ t❤❡ ❡✛❡❝t ♦❢ ❝♦♠❜✐♥✐♥❣ t❤❡♠✳ ❚❤❡ ❤②♣♦t❤❡s✐s ✇❡ ✇✐s❤ t♦ t❡st ✐s t❤❛t ❡❛❝❤ ❢❡❛t✉r❡ ❡①tr❛❝ts ❛ ❞✐✛❡r❡♥t
✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ t❤❡ s✐❣♥❛❧✱ ❛♥❞ t❤✉s t❤❛t ❝♦♠❜✐♥✐♥❣ t❤❡♠ ❝❛♥ ✐♠♣r♦✈❡ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❛❝❝✉r❛❝②✳
✹✳✷✳✶ ❋❡❛t✉r❡s
❚❤❡ ❢♦❧❧♦✇✐♥❣ ♠❡t❤♦❞♦❧♦❣② ✇❛s ❛♣♣❧✐❡❞✿
• ❚❤❡ ♣♦✇❡r ✐♥ ❢r❡q✉❡♥❝② ❜❛♥❞s ✇❛s ❡①tr❛❝t❡❞ ❢♦r ❡❛❝❤ s✉❜❥❡❝t✳ ❆s ✇❛s s❤♦✇♥ ❜② ❬✷✼❪ ❛♥❞ ✐♥ ♦✉r ♦✇♥ st✉❞②
❬✶✺❪ ❡st✐♠❛t✐♥❣ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ❞❛t❛ ✐s s❡♥s✐t✐✈❡ t♦ ❝❤♦✐❝❡ ♦❢ t❤❡ t✐♠❡✲❢r❡q✉❡♥❝② ❞❡❝♦♠♣♦s✐t✐♦♥
❛❧❣♦r✐t❤♠✳ ❲❡ ❡①tr❛❝t❡❞ t❤❡ ♣♦✇❡r ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❡❛❝❤ ❢r❡q✉❡♥❝② ❜❛♥❞ ✉s✐♥❣ ❛ ▼♦r❧❡t ❲❛✈❡❧❡t ✇❤✐❝❤
s✉♣♣♦rt ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❝r♦ss✲✈❛❧✐❞❛t✐♦♥✳ ❚❤❡ ▼♦r❧❡t ❲❛✈❡❧❡t ✐s ✐♥❞❡❡❞ ❛❞❛♣t❡❞ ❢♦r ❇❈■ t❛s❦s✱ ❛s
s❤♦✇♥ ❢♦r ❡①❛♠♣❧❡ ❜② t❤❡ ✇✐♥♥❡rs ♦❢ t❤❡ ❇❈■ ❝♦♠♣❡t✐t✐♦♥ ✷✵✵✸ ❬✸✶❪✳ ▼♦r❡♦✈❡r✱ ❛❝❝♦r❞✐♥❣ t♦ ❬✷✽❪✿
✏❯s✐♥❣ s✐♥✉s♦✐❞❛❧ ✇❛✈❡❧❡ts ❧✐❦❡ t❤❡ ▼♦r❧❡t ✇❛✈❡❧❡t ✐s ✐❞❡❛❧❧② s✉✐t❡❞ ❢♦r ❞❡t❡❝t✐♥❣ s✐♥✉s♦✐❞❛❧ ❊❊● ❛❝t✐✈✐t②
s✐♥❝❡ t❤❡ ✇❛✈❡❧❡t tr❛♥s❢♦r♠ ✐s s✐♠✐❧❛r t♦ ❞❡t❡❝t✐♥❣ ✇❤❡t❤❡r t❤❡ ✉s❡❞ ✇❛✈❡❧❡t ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ s✐❣♥❛❧✑✳
❋✐♥❛❧❧②✱ ❛s ✇❡ s❤♦✇❡❞ ✐♥ ❬✶✺❪✱ ❝r♦ss✲✈❛❧✐❞❛t✐♥❣ t❤❡ ✇❛✈❡❧❡t s✉♣♣♦rt ♣❡r❢♦r♠s ❜❡tt❡r t❤❛♥ ♦t❤❡r t❡❝❤♥✐q✉❡s
❢♦r ❡①tr❛❝t✐♥❣ t❤❡ ♣♦✇❡r✲✐♥❢♦r♠❛t✐♦♥✳ ❆❧❧ ❜❛♥❞s ✇❡r❡ t❤❡♥ ❦❡♣t ❜❡t✇❡❡♥ ✹ ❛♥❞ ✸✵ ❤❡rt③✱ ❢♦r t❤❡ ❈✸ ❛♥❞
❈✹ ❝❤❛♥♥❡❧s✿ t❤✐s ❧❡❛❞s t♦ ❛ ✺✷✲❞✐♠❡♥s✐♦♥❛❧ ❢❡❛t✉r❡ ✈❡❝t♦r✳
• ❚❤❡ ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts ❢❡❛t✉r❡ ✇❛s ❡①tr❛❝t❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳
❈r♦ss✲✈❛❧✐❞❛t✐♦♥ ♦♥ t❤❡ tr❛✐♥✐♥❣ s❡t ✇❛s ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✇❛✈❡❧❡t s✉♣♣♦rt ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢
❞❡❝♦♠♣♦s✐t✐♦♥ ❧❡✈❡❧s t♦ r❡t❛✐♥✳ ❙✐♥❝❡ ✇❡ ❤❛✈❡ ✺ ❝✉♠✉❧❛♥ts ♣❡r ❧❡✈❡❧ ♣❡r ❡❧❡❝tr♦❞❡✱ t❤✐s ❧❡❛❞s t♦ ❛
10 ∗N ✲❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r ✇✐t❤ N t❤❡ ♥✉♠❜❡r ♦❢ r❡t❛✐♥❡❞ ❧❡✈❡❧s✳
• P❛r❛♠❡t❡rs ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ ♣r❡❞✐❝t✐✈❡ ❝♦♠♣❧❡①✐t② ❢❡❛t✉r❡ ✇❡r❡ ❛❧s♦ ❞❡t❡r♠✐♥❡❞ ❜② ♠❛①✐♠✐s✐♥❣ t❤❡
❝r♦ss✲✈❛❧✐❞❛t✐♦♥ ♣❡r❢♦r♠❛♥❝❡ ♦♥ t❤❡ tr❛✐♥✐♥❣ s❡t✿ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts t♦ r❡t❛✐♥ ❢r♦♠ t❤❡ ♣❛st ❛♥❞
t❤❡ ❢✉t✉r❡✱ t❤❡ s✉❜✲s❛♠♣❧✐♥❣ ❢❛❝t♦r ❢♦r t❤❡ s❡r✐❡s✱ t❤❡ ❦❡r♥❡❧ s✐③❡ ✉s❡❞ ❢♦r ❡st✐♠❛t✐♥❣ t❤❡ ❝♦♥❞✐t✐♦♥❛❧
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s✱ ❛♥❞ ✇❤❡t❤❡r t♦ ✇♦r❦ ♦♥ t❤❡ r❛✇ s❡r✐❡s ♦r t❤❡ ✜rst ❞✐✛❡r❡♥❝❡s✳ ❈r♦ss✲✈❛❧✐❞❛t✐♦♥
✼
s❡❧❡❝t❡❞ ✶ ♣♦✐♥t ✐♥ t❤❡ ❢✉t✉r❡✱ ✺ ♣♦✐♥ts ❢r♦♠ t❤❡ ♣❛st ✇✐t❤ ❛ s✉❜✲s❛♠♣❧✐♥❣ ❢❛❝t♦r ♦❢ ✽ ❢♦r t❤❡ ❖♣❡♥❱✐❇❊
s✉❜❥❡❝t✱ ❛♥❞ ✻ ♣♦✐♥ts ❢r♦♠ t❤❡ ♣❛st ✇✐t❤ ❛ s✉❜✲s❛♠♣❧✐♥❣ ❢❛❝t♦r ♦❢ ✷ ❢♦r t❤❡ ❇❈■ ■■ ❛♥❞ ■■■ s✉❜❥❡ts✳
❚❤❡s❡ s✉❜✲s❛♠♣❧✐♥❣ ♣❛r❛♠❡t❡rs ❝♦rr❡s♣♦♥❞ t♦ ❤❛✈✐♥❣ ❛ s❛♠♣❧✐♥❣ ❢r❡q✉❡♥❝② ♦❢ ✻✷✳✺ ❍③ ❢♦r t❤❡ ❙✹ ❛♥❞
❳✶✶ s✉❜❥❡❝ts ❛♥❞ ✻✹ ❍③ ❢♦r t❤❡ ♦t❤❡rs✱ ✇❤✐❝❤ t❤❛♥❦s t♦ ◆②q✉✐st t❤❡♦r❡♠ ♠❛t❝❤❡s t❤❡ ✜❧t❡r✐♥❣ ♦♣❡r❛t✐♦♥
t❤❛t ✇❛s ♣❡r❢♦r♠❡❞ ♦♥ t❤❡ s✐❣♥❛❧s✿ ❝r♦ss✲✈❛❧✐❞❛t✐♦♥ s❡❧❡❝t❡❞ t❤❡ ♠♦st ❡❝♦♥♦♠✐❝❛❧ s✉❜✲s❛♠♣❧✐♥❣ ♣❛r❛♠✲
❡t❡r t❤❛t st✐❧❧ ❝❛♣t✉r❡s t❤❡ r❡♠❛✐♥✐♥❣ ❢r❡q✉❡♥❝✐❡s ✐♥ t❤❡ s✐❣♥❛❧ ❜❡t✇❡❡♥ ✹ ❛♥❞ ✸✵ ❍③✳ ❲❡ t❤✉s s❛✈❡❞
❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❢♦r t❤❡ ❇❈■ ■❱ s✉❜❥❡ts ❜② ✜①✐♥❣ t❤❡ s✉❜s❛♠♣❧✐♥❣ ♣❛r❛♠❡t❡rs ❛♥❞ ❝r♦ss✲✈❛❧✐❞❛t✐♥❣
♦♥❧② t❤❡ ❦❡r♥❡❧ ✇✐❞t❤✳ ❆❧❧ s✉❜✲s❛♠♣❧❡❞ s✐❣♥❛❧s ✭❡①✿ ❛❧❧ ✽ ♣♦ss✐❜❧❡ s❡r✐❡s ❢♦r ❛ s✉❜✲s❛♠♣❧✐♥❣ ❜② ❢❛❝t♦r ✽✮
✇❡r❡ ❦❡♣t ❢♦r ❜✉✐❧❞✐♥❣ t❤❡ st❛t✐st✐❝s ✐♥ t❤❡ ❝♦♠♣❧❡①✐t② ❝♦♠♣✉t❛t✐♦♥s✳
❚❤❡r❡❢♦r❡ t❤❡ ❢❡❛t✉r❡ ✈❡❝t♦rs ✐♥❝❧✉❞❡✿
• ✺✷ ♣♦✇❡r ❢❡❛t✉r❡s ❢♦r ❢r❡q✉❡♥❝✐❡s ❜❡t✇❡❡♥ ✹ ❛♥❞ ✸✵ ❍③✳ ✭✷✻ ❢♦r ❡❛❝❤ ❈✸ ✴ ❈✹ ❝❤❛♥♥❡❧✮
• ✸✵✱ ✹✵✱ ♦r ✺✵ ❢❡❛t✉r❡s ❢♦r ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts✳
• ✷ ❢❡❛t✉r❡s ❢♦r t❤❡ ♣r❡❞✐❝t✐✈❡ ❝♦♠♣❧❡①✐t② ✭♦♥❡ ❢♦r ❡❛❝❤ ❝❤❛♥♥❡❧✮✳
❆s ❛ s✐❞❡ r❡♠❛r❦ ✇❡ s❤❛❧❧ ♣♦✐♥t ♦✉t t❤❛t ❝r♦ss✲✈❛❧✐❞❛t✐♥❣ ❛❧❧ t❤❡ ❛❜♦✈❡ ♣❛r❛♠❡t❡rs r❡q✉✐r❡❞ ❛ q✉✐t❡ ❝♦♥s❡✲
q✉❡♥t ❝♦♠♣✉t❛t✐♦♥❛❧ ♣♦✇❡r✱ ✇❤✐❝❤ ✇❛s ♦❜t❛✐♥❡❞ ✉s✐♥❣ t❤❡ ❇❖■◆❈ ❞✐str✐❜✉t❡❞ ❝♦♠♣✉t✐♥❣ ✐♥❢r❛str✉❝t✉r❡ ❬✺❪✳
◆❡✈❡rt❤❡❧❡ss✱ ♦♥❝❡ t❤❡ ♦♣t✐♠❛❧ ♣❛r❛♠❡t❡rs ✇❡r❡ ❞❡t❡r♠✐♥❡❞ ♦✛✲❧✐♥❡ ❜② ❝r♦ss✲✈❛❧✐❞❛t✐♦♥✱ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
r❡q✉✐r❡♠❡♥ts ❢♦r ❡①tr❛❝t✐♥❣ t❤❡ ❢❡❛t✉r❡s ❛r❡ ♥♦t❤✐♥❣ ❡①❝❡♣t✐♦♥❛❧✿ t❤❡ ❢❡❛t✉r❡s ❝❛♥ ❜❡ ❝♦♠♣✉t❡❞ ✐♥ r❡❛❧✲t✐♠❡
♦♥ ❛ st❛♥❞❛r❞ P❈✳
✹✳✷✳✷ ❈❧❛ss✐✜❡r ❛♥❞ ❝♦♠❜✐♥❛t✐♦♥ r✉❧❡
■♥ ♦r❞❡r t♦ ❝❧❛ss✐❢② t❤❡ ❡①tr❛❝t❡❞ ❢❡❛t✉r❡s✱ ✇❡ ✉s❡❞ ❛ ▲✐♥❡❛r ❉✐s❝r✐♠✐♥❛♥t ❆♥❛❧②s✐s ✭▲❉❆✮✱ ♦♥❡ ♦❢ t❤❡ ♠♦st
♣♦♣✉❧❛r ❛♥❞ ❡✣❝✐❡♥t ❝❧❛ss✐✜❡r ❢♦r ❊❊●✲❜❛s❡❞ ❇❈■ ❬✸✷❪✳
❊❛❝❤ s❡r✐❡s ✇❛s ❝❧❛ss✐✜❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥t♦ ❡✐t❤❡r t❤❡ ✏❧❡❢t ❤❛♥❞✑ ♦r ✏r✐❣❤t ❤❛♥❞✑ ❝❧❛ss ♦❢ t❤❡ ♠♦t♦r
✐♠❛❣❡r② t❛s❦ ✉s✐♥❣ ❡❛❝❤ ❢❡❛t✉r❡ ✐♥❞❡♣❡♥❞❡♥t❧②✳ ❚❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❝♦rr❡❝t ❝❧❛ss✐✜❝❛t✐♦♥s ♦♥ t❤❡ t❡st s❡t ✐s
r❡♣♦rt❡❞ ❢♦r ❡❛❝❤ s✉❜❥❡t ✐♥ t❤❡ ✜rst ✸ ❝♦❧✉♠s ♦❢ ❚❛❜❧❡ ✶✳
❲❡ ❛❧s♦ ❡✈❛❧✉❛t❡❞ t❤❡ ❛❝❝✉r❛❝② ♦❜t❛✐♥❡❞ ✇❤❡♥ ❝♦♠❜✐♥✐♥❣ t❤❡s❡ t❤r❡❡ ❢❡❛t✉r❡s t♦❣❡t❤❡r✳ ❚♦ ❞♦ s♦✱ ✇❡ ✜rst
❡st✐♠❛t❡ t❤❡ ❣❧♦❜❛❧ ❛❝❝✉r❛❝② ♦❢ ❡❛❝❤ ❢❡❛t✉r❡ ❛❧♦♥❡ ❜② ✉s✐♥❣ t❤❡ ❋✐s❤❡r ❞✐s❝r✐♠✐♥❛♥t r❛t✐♦ F ♦♥ t❤❡ tr❛✐♥✐♥❣
❞❛t❛ s❡t✱ ❤❡♥❝❡ ✇❡ ❣❡t F ♣♦✇✱ F♠❢❛✱ F ❝♣① ❢♦r t❤❡ t❤r❡❡ ❢❡❛t✉r❡s ❇❛♥❞✲P♦✇❡r✱ ▼✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts✱ ❛♥❞
❈♦♠♣❧❡①✐t②✱ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ♦r❞❡r t♦ ❝♦♠❜✐♥❡ t❤❡ r❡s✉❧ts ✇❡ tr✐❡❞ ❞✐✛❡r❡♥t ♠❡t❤♦❞s ✭r❡s✉❧ts ❣✐✈❡♥ ✐♥ ❚❛❜❧❡
✶✮✿
• ▼❡t❤♦❞ ✶✿ ❲❡ ❣❛t❤❡r t❤❡ ♦✉t♣✉ts ♦❢ t❤❡ ✸ ❧✐♥❡❛r ❝❧❛ss✐✜❡rs tr❛✐♥❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦♥ ❡❛❝❤ ❢❡❛t✉r❡ ❜②




✇❤❡r❡ ❡❛❝❤ Pi ✐s ❛ ♣r❡❞✐❝t✐♦♥ ✭❝❧❛ss✐✜❡r ♦✉t♣✉t✮ ❢♦r t❤❡ ✐♥st❛♥❝❡ ♥✉♠❜❡r i✳
• ▼❡t❤♦❞ ✷✿ ❲❡ ✉s❡ t❤❡ ♠❡❞✐❛♥ ♣r❡❞✐❝t✐♦♥ ❢♦r ❡❛❝❤ ✐♥st❛♥❝❡ P ❝♦♠❜✐i = Median[F
♣♦✇ ∗ P ♣♦✇i , F
♠❢❛ ∗
P♠❢❛i , F
❝♣① ∗ P ❝♣①i ]✳ ❚❤❡ ✐❞❡❛ ✐s t♦ ❜❡ ❧❡ss s❡♥s✐t✐✈❡ t♦ ❜❛❞❧② ♣❡r❢♦r♠✐♥❣ ❢❡❛t✉r❡s t❤❛♥ ✇❤❡♥ ✉s✐♥❣ t❤❡
✜rst ❝♦♠❜✐♥❛t✐♦♥ r✉❧❡✳
• ▼❡t❤♦❞ ✸✿ ❲❡ ✉s❡ t❤❡ ♠❛①✐♠✉♠ ♣r❡❞✐❝t✐♦♥ ❢♦r ❡❛❝❤ ✐♥st❛♥❝❡ P ❝♦♠❜✐i = Max♠❂♣♦✇✱♠❢❛✱❝♣①[P
♠
i , right; 1−
P♠i , left] ❢♦r ❝❧❛ss✐❢②✐♥❣ ✐♥ t❤❡ r✐❣❤t ♦❢ ❧❡❢t ❝❧❛ss✳ ❚❤✐s ✐s ♠♦t✐✈❛t❡❞ ❜② ♣r❡✈✐♦✉s r❡s✉❧ts ✐♥ ❬✶✸❪✳
• ❯♥✐q✉❡ ❱❡❝t♦r✿ ❋♦r ❝♦♠♣❛r✐s♦♥ ♣✉r♣♦s❡ ♦♥❧②✳ ❲❡ ✐♥❝❧✉❞❡ ❛❧❧ ❢❡❛t✉r❡s ✐♥ ❛ ✉♥✐q✉❡ ✈❡❝t♦r✳ ❚❤✐s ✐s t❤❡
♥❛✐✈❡ ❛♣♣r♦❛❝❤✱ ❜✉t ✐t ✐s ❡①♣❡❝t❡❞ t♦ ❢❛✐❧ ❞✉❡ t♦ t❤❡ ❝✉rs❡ ♦❢ ❞✐♠❡♥s✐♦♥❛❧✐t② ❛♥❞ ❞✉❡ t♦ ❣✐✈✐♥❣ ❛❧❧ ❢❡❛t✉r❡s
t❤❡ s❛♠❡ ✇❡✐❣❤t ✐rr❡s♣❡❝t✐✈❡❧② ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❞✐♠❡♥s✐♦♥ t❤❡② t❛❦❡✳
✹✳✷✳✸ ❘❡s✉❧ts
❚❤❡ ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts ❛♥❞ t❤❡ ♣r❡❞✐❝t✐✈❡ ❝♦♠♣❧❡①✐t② ❢❡❛t✉r❡s ❛❧❧♦✇ ❜② t❤❡♠s❡❧✈❡s t♦ ❝❧❛ss✐❢② t❤❡ ❇❈■
❞❛t❛ s❡ts ✇✐t❤ ❛ ❣♦♦❞ ❛❝❝✉r❛❝②✳ ❚❤✐s✱ ✐♥ ✐ts❡❧❢✱ ✐s ❛ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ t❤✐s ♣❛♣❡r✳ ❆❧t❤♦✉❣❤ t❤❡ ❛❝❝✉r❛❝② ♦❜t❛✐♥❡❞
✉s✐♥❣ ❡✐t❤❡r t❤❡ ▼✉❧t✐❢r❛❝t❛❧ ❈✉♠✉❧❛♥ts ♦r t❤❡ Pr❡❞✐❝t✐✈❡ ❈♦♠♣❧❡①✐t② ✐s s❧✐❣❤t❧② ❧♦✇❡r ♦♥ ❛✈❡r❛❣❡ t❤❛t ✇❤❡♥


















































































❜❝✐✷ ✼✼✳✶ ✽✵✳✼ ✼✼✳✾ ✽✵✳✼ ✸✳✺✼ ✽✵✳✼ ✸✳✺✼ ✽✶✳✹ ✹✳✷✾ ✼✺✳✼ ✲✶✳✹✸
s✹ ✽✶✳✺ ✼✹✳✹ ✻✺✳✵ ✽✶✳✼ ✵✳✶✾ ✽✶✳✼ ✵✳✶✾ ✽✵✳✼ ✲✵✳✼✹ ✼✽✳✶ ✲✸✳✸✸
①✶✶ ✽✵✳✹ ✻✽✳✼ ✼✵✳✷ ✽✵✳✾ ✵✳✺✻ ✽✵✳✾ ✵✳✺✻ ✽✵✳✷ ✲✵✳✶✾ ✼✾✳✹ ✲✵✳✾✸
❖♣❡♥❱✐❜❡ ✾✷✳✾ ✽✺✳✼ ✼✻✳✶ ✾✸✳✷ ✵✳✸✻ ✾✸✳✷ ✵✳✸✻ ✾✷✳✶ ✲✵✳✼✶ ✾✷✳✶ ✲✵✳✼✶
❜❝✐✹s✶ ✼✼✳✺ ✻✺✳✾ ✺✺✳✾ ✼✹✳✹ ✲✸✳✶✷ ✼✺✳✻ ✲✶✳✽✽ ✼✷✳✽ ✲✹✳✻✾ ✼✸✳✹ ✲✹✳✵✻
❜❝✐✹s✷ ✺✻✳✹ ✺✼✳✺ ✺✻✳✶ ✺✻✳✶ ✲✵✳✸✻ ✺✻✳✹ ✵✳✵✵ ✺✼✳✶ ✵✳✼✶ ✺✷✳✶ ✲✹✳✷✾
❜❝✐✹s✸ ✺✶✳✾ ✺✶✳✷ ✺✹✳✶ ✺✷✳✷ ✵✳✸✶ ✺✶✳✾ ✵✳✵✵ ✺✹✳✼ ✷✳✽✶ ✺✸✳✽ ✶✳✽✽
❜❝✐✹s✹ ✾✸✳✹ ✾✶✳✷ ✾✵✳✸ ✾✺✳✻ ✷✳✶✾ ✾✺✳✵ ✶✳✺✻ ✾✺✳✵ ✶✳✺✻ ✾✶✳✻ ✲✶✳✽✽
❜❝✐✹s✺ ✾✻✳✾ ✽✽✳✽ ✼✹✳✶ ✾✺✳✾ ✲✵✳✾✹ ✾✻✳✷ ✲✵✳✻✷ ✾✹✳✶ ✲✷✳✽✶ ✾✸✳✽ ✲✸✳✶✷
❜❝✐✹s✻ ✽✼✳✽ ✽✷✳✷ ✻✽✳✹ ✽✾✳✶ ✶✳✷✺ ✽✾✳✶ ✶✳✷✺ ✽✽✳✹ ✵✳✻✷ ✽✼✳✽ ✵✳✵✵
❜❝✐✹s✼ ✼✵✳✻ ✻✽✳✶ ✼✵✳✸ ✼✷✳✷ ✶✳✺✻ ✼✷✳✷ ✶✳✺✻ ✼✷✳✽ ✷✳✶✾ ✻✽✳✹ ✲✷✳✶✾
❜❝✐✹s✽ ✽✵✳✵ ✽✽✳✹ ✾✵✳✻ ✽✾✳✶ ✾✳✵✻ ✽✾✳✶ ✾✳✵✻ ✽✾✳✶ ✾✳✵✻ ✽✺✳✾ ✺✳✾✹
❜❝✐✹s✾ ✼✽✳✽ ✽✸✳✶ ✼✽✳✽ ✽✷✳✽ ✹✳✵✻ ✽✵✳✾ ✷✳✶✾ ✽✵✳✻ ✶✳✽✽ ✽✵✳✾ ✷✳✶✾
❆✈❡r❛❣❡ ✼✽✳✾ ✼✺✳✽ ✼✶✳✹ ✽✵✳✸ ✶✳✹✹ ✽✵✳✷ ✶✳✸✼ ✼✾✳✾ ✶✳✵✽ ✼✼✳✾ ✲✵✳✾✷
▲❡❣❡♥❞✿ ●r❡❡♥ ✇❤❡♥ t❤❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ✐s ❤✐❣❤❡r ❜② ❛t ❧❡❛st ✶✪ t❤❛♥ ✇❤❡♥ ✉s✐♥❣ ♦♥❧②
t❤❡ ✉s✉❛❧ ❇❛♥❞✲P♦✇❡r ❢❡❛t✉r❡✱ ❜❧✉❡ ✇❤❡♥ t❤❡ ❝❤❛♥❣❡ ✐♥ ♣❡r❢♦r♠❛♥❝❡ ✇✐t❤ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ✐s ❜❡t✇❡❡♥ ✲✶✪ ❛♥❞ ✶✪✱
♦r❛♥❣❡ ✇❤❡♥ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ✐s ✇♦rs❡✳
❚❛❜❧❡ ✶✿ ❈❧❛ss✐✜❝❛t✐♦♥ ❛❝❝✉r❛❝✐❡s ♦✈❡r t❤❡ t❡st s❡ts ❢♦r ❡❛❝❤ s✉❜❥❡❝t ❛♥❞ ❢❡❛t✉r❡
t❤❛t ✐s ❛❞❡q✉❛t❡ ❢♦r ❝❧❛ss✐✜❝❛t✐♦♥✳ ▼♦r❡♦✈❡r ❢♦r s♦♠❡ s✉❜❥❡❝ts t❤❡ ♥❡✇ ❢❡❛t✉r❡s ♣❡r❢♦r♠ ❜❡tt❡r t❤❛♥ t❤❡
❜❛♥❞ ♣♦✇❡r ❢❡❛t✉r❡✳ ❚❤✐s ❡✛❡❝t ✐s ✈❛r✐❛❜❧❡ ❢r♦♠ s✉❜❥❡❝t t♦ s✉❜❥❡❝t✱ ❜✉t t❤✐s ✐s ❛ ✇❡❧❧ ❦♥♦✇♥ ✐ss✉❡ ✐♥ t❤❡ ❇❈■
❧✐tt❡r❛t✉r❡ ❬✷✸✱ ✷❪ s♦ ✐t ✐s ♥♦t s✉♣r✐s✐♥❣ t❤❛t ♦✉r ♥❡✇ ❢❡❛t✉r❡s ❛❧s♦ ❡①❤✐❜✐t ✐♥t❡r✲s✉❜❥❡❝t ✈❛r✐❛❜✐❧✐t②✳ P♦ss✐❜❧❡
r❡❛s♦♥s ✐♥❝❧✉❞❡ ❞✐✛❡r❡♥❝❡s ✐♥ ❛❝t✐✈✐t② ❧♦❝❛❧✐③❛t✐♦♥ ❜❡t✇❡❡♥ s✉❜❥❡❝ts✱ t❤✉s t❤❡ ❡❧❡❝tr♦❞❡s ✉s❡❞ ✇♦r❦ ♥♦ ❜❡tt❡r
❢♦r ♦✉r ♥❡✇ ❢❡❛t✉r❡s t❤❛♥ t❤❡② ❞♦ ❢♦r t❤❡ ❜❛♥❞ ♣♦✇❡r ✭❡①✿ ❜❝✐✹s✷✱ ❜❝✐✹s✸✮✳ ❍♦✇❡✈❡r ✇❡ ♦❜t❛✐♥❡❞ ❤✐❣❤❡r
r❡s✉❧ts ✇✐t❤ t❤❡ ♥❡✇ ❢❡❛t✉r❡s ❢♦r s♦♠❡ s✉❜❥❡❝ts ✇✐t❤ ❧♦✇ r❡s✉❧ts ✉s✐♥❣ ❝❧❛ss✐❝❛❧ ❜❛♥❞ ♣♦✇❡r ❢❡❛t✉r❡ ✭❜❝✐✹s✽✱
❜❝✐✷✮✿ ❛ t♦✲❜❡✲✐♥✈❡♥t❡❞ ❜❡tt❡r ❝♦♠❜✐♥❛t✐♦♥ t❡❝❤♥✐q✉❡ ♠✐❣❤t ♣♦ss✐❜❧② ❡①♣❧♦✐t t❤❡s❡ ♦r ♦t❤❡r ♥❡✇ ❢❡❛t✉r❡s ❢♦r
❝♦♠♣❡♥s❛t✐♥❣ t❤❡ ✐♥t❡r✲s✉❜❥❡❝t ✈❛r✐❛❜✐❧✐t②✳
❘❡s✉❧ts ❛❧s♦ s❤♦✇ t❤❛t ❝♦♠❜✐♥✐♥❣ ❛❧❧ ❢❡❛t✉r❡s ✐s ❜❡tt❡r t❤❛♥ ✉s✐♥❣ t❤❡ ❇❛♥❞ P♦✇❡r ❛❧♦♥❡ ❢♦r ✻ s✉❜❥❡❝ts✱
♦♥ t❤❡ s❛♠❡ ♦r❞❡r ❢♦r ✻ s✉❜❥❡❝ts✱ ❛♥❞ ✇✐t❤ ❛ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ❢♦r ♦♥❧② ♦♥❡ s✉❜❥❡❝t✱ ❢♦r ❜♦t❤ t❤❡ ❛✈❡r❛❣❡
❛♥❞ t❤❡ ♠❡❞✐❛♥ ❝♦♠❜✐♥❛t✐♦♥ r✉❧❡s✳ ❆s ❡①♣❡❝t❡❞ t❤❡ ♠❡❞✐❛♥ r✉❧❡ ❣✐✈❡s s❧✐❣❤t❧② ♠♦r❡ ❝♦♥s✐st❡♥t r❡s✉❧ts ❛❝r♦ss
✐♥❞✐✈✐❞✉❛❧s t❤❛♥ t❤❡ ❛✈❡r❛❣❡ ❝♦♠❜✐♥❛t✐♦♥ r✉❧❡✿ t❤❡ ❡①♣❡❝t❡❞ ❣❛✐♥ ✐s ❛❜♦✉t t❤❡ s❛♠❡ ❛t ✶✳✹✪✱ ❜✉t ✇✐t❤ ❛
❧♦✇❡r st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✳ ❚❤❡ ♠❛①✐♠✉♠ ❞❡❝✐s✐♦♥ r✉❧❡ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ❧❡❛❞s t♦ ♠♦r❡ ❝♦♥tr❛st❡❞ r❡s✉❧ts
✭s❡❡ ❚❛❜❧❡ ✶✮✳ ❚❤❡ ❝♦♠❜✐♥❛t✐♦♥ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ ❛ ✉♥✐q✉❡ ✈❡❝t♦r ❧❡❞ t♦ t❤❡ ❧♦✇❡st ♣❡r❢♦r♠❛♥❝❡s ❛♠♦♥❣ t❤❡
❞✐✛❡r❡♥❝❡ ❝♦♠❜✐♥❛t✐♦♥ ❛♣♣r♦❛❝❤❡s✳ ❆❣❛✐♥✱ t❤✐s ✇❛s ❡①♣❡❝t❡❞✱ ❛s ❝♦♥❝❛t❡♥❛t✐♥❣ ❛❧❧ ❢❡❛t✉r❡s t♦❣❡t❤❡r ♠❛❦❡s
t❤❡ ❝❧❛ss✐✜❡r ❡✈❡♥ ♠♦r❡ s❡♥s✐t✐✈❡ t♦ t❤❡ ❝✉rs❡✲♦❢✲❞✐♠❡♥s✐♦♥❛❧✐t② ✭✇❤✐❝❤ ✐s ❛ ✇❡❧❧ ❦♥♦✇♥ ✐ss✉❡ ✐♥ ❇❈■ ❬✸✷❪✮✱
s✐♥❝❡ t❤❡ ❢❡❛t✉r❡ ✈❡❝t♦r ❞✐♠❡♥s✐♦♥ ❣r❡❛t❧② ✐♥❝r❡❛s❡❞ ❜✉t ♥♦t t❤❡ ♥✉♠❜❡r ♦❢ tr❛✐♥✐♥❣ ❞❛t❛✳
❆❞❞✐♥❣ ❢❡❛t✉r❡s ❤❛s ❛ ♥❡t ❜❡♥❡✜t ♦♥ ❣❧♦❜❛❧ ♣❡r❢♦r♠❛♥❝❡s✱ ❡✈❡♥ ✐❢ ❢♦r s♦♠❡ s✉❜❥❡❝ts t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ✐s
♦❝❝❛s✐♦♥♥❛❧② ✇♦rs❡ t❤❛♥ ✉s✐♥❣ t❤❡ ❜❛♥❞ ♣♦✇❡r ❛❧♦♥❡✳ ❇✉t t❤✐s ✐s ❛❧s♦ tr✉❡ ❢♦r ♦✉r ♥❡✇ ❢❡❛t✉r❡s✿ ♦❝❝❛s✐♦♥❛❧❧②
❛❞❞✐♥❣ t❤❡ ❜❛♥❞ ♣♦✇❡r ✐s ✇♦rs❡ t❤❛♥ ✉s✐♥❣ t❤❡ ♣r❡❞✐❝t✐✈❡ ❝♦♠♣❧❡①✐t② ❛❧♦♥❡✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡r❡ ✐s ♥♦ ❛
♣r✐♦r✐ r❡❛s♦♥ ♥♦t t♦ ❝♦♥s✐❞❡r ♦♥❧② ♦♥❡ ❢❡❛t✉r❡ ✐♥ ✐s♦❧❛t✐♦♥ ♦❢ t❤❡ ♦t❤❡r✱ ❛s t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ❧❡❛❞s t♦ ❜❡tt❡r
r❡s✉❧ts ♦♥ ❛✈❡r❛❣❡✳ ❚❤❡ ✐♥t❡r✲s✉❜❥❡❝t ✈❛r✐❛❜✐❧✐t② ♠❛♥✐❢❡sts ✐ts❡❧❢ ❛❣❛✐♥✿ ✐♥ r❡❛❧ s✐t✉❛t✐♦♥s ✇✐t❤ ❛ tr❛✐♥✐♥❣ ♣❤❛s❡
❢♦r t❤❡ s✉❜❥❡❝t✱ ❛ q✉✐❝❦ t❡st ✇✐t❤ ❡❛❝❤ ❢❡❛t✉r❡ ❛❧♦♥❡ ♠❛② ❞❡t❡r♠✐♥❡ ✐❢ ♦♥❡ ♦r t❤❡ ♦t❤❡r ✇♦r❦s ❜❡st ✐♥ ✐s♦❧❛t✐♦♥✳
■♥ ❛♥② ❝❛s❡ t❤❡s❡ r❡s✉❧ts ♥♦t ♦♥❧② ❝♦♥✜r♠ t❤❛t s♦♠❡ ❞✐✛❡r❡♥t ✐♥❢♦r♠❛t✐♦♥ ✇❛s ❡①tr❛❝t❡❞ ❢r♦♠ t❤❡ s✐❣♥❛❧
✇✐t❤ t❤❡ ♥❡✇ ❢❡❛t✉r❡s✱ ❜✉t ❛❧s♦ t❤❛t ♦✉r ♥❡✇ ❢❡❛t✉r❡s ❝❛♥ ✐♠♣r♦✈❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❇❈■ ❝❧❛ss✐✜❝❛t✐♦♥
t❛s❦s✳ ▼♦r❡♦✈❡r✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ s✉❜❥❡❝t✱ t❤✐s ❣❛✐♥ ❝❛♥ ❣♦ ✉♣ t♦ ✾✪✳ ❋✐♥❛❧❧②✱ t❤❡ ✐♥❝r❡❛s❡ ✐♥ ❝♦♠♣✉t❛t✐♦♥❛❧
✾
❝♦♠♣❧❡①✐t② ✐s ♥♦t ❛ s❡r✐♦✉s ✐ss✉❡ ❞✉❡ t♦ t❤❡ r❛♣✐❞❧② ❣r♦✇✐♥❣ ❝♦♠♣✉t❛t✐♦♥❛❧ ♣❡r❢♦r♠❛♥❝❡s ♦❢ ❝♦♠♣✉t❡rs✳
✺ ❈♦♥❝❧✉s✐♦♥
❚❤✐s st✉❞② ❤❛s ✐♥tr♦❞✉❝❡❞ t✇♦ ♥❡✇ ❢❡❛t✉r❡s ❢♦r ❇r❛✐♥✲❈♦♠♣✉t❡r ■♥t❡r❢❛❝❡ ❞❡s✐❣♥✿ ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts
❛♥❞ ♣r❡❞✐❝t✐✈❡ ❝♦♠♣❧❡①✐t②✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts ❢❡❛t✉r❡ ❝♦rr❡s♣♦♥❞s t♦
❛ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ ❢r❡q✉❡♥❝② ❜❛♥❞s✱ r❛t❤❡r t❤❛♥ t❤❡ ♣♦✇❡r ❡①tr❛❝t❡❞ ✐♥ ❡❛❝❤ ❜❛♥❞✳ ❚❤❡ ❝♦♠♣❧❡①✐t② ❢❡❛t✉r❡
♠❡❛s✉r❡s t❤❡ ❞✐✣❝✉❧t② t♦ ♣r❡❞✐❝t t❤❡ ❢✉t✉r❡ ♦❢ t❤❡ ❊❊● s✐❣♥❛❧s ❜❛s❡❞ ♦♥ t❤❡✐r ♣❛st✳
■♥t❡r❡st✐♥❣❧② ❡♥♦✉❣❤✱ ♦✉r r❡s✉❧ts s❤♦✇❡❞ t❤❛t t❤❡ t✇♦ ♥❡✇ ❢❡❛t✉r❡s✱ ✐✳❡✳✱ ♠✉❧t✐❢r❛❝t❛❧ ❝✉♠✉❧❛♥ts ❛♥❞
♣r❡❞✐❝t✐✈❡ ❝♦♠♣❧❡①✐t② ♠❡❛s✉r❡✱ ❝♦✉❧❞ ❜❡ ✉s❡❞ ❜② t❤❡♠s❡❧✈❡s t♦ ❞✐s❝r✐♠✐♥❛t❡ ❜❡t✇❡❡♥ ❞✐✛❡r❡♥t ♠♦t♦r ✐♠❛❣❡r②
♠❡♥t❛❧ st❛t❡s ❛s ♠❡❛s✉r❡❞ ❜② ❊❊●✳ ❚❤✐s ✐s ❡s♣❡❝✐❛❧❧② ✐♥t❡r❡st✐♥❣ ❛s t❤❡ ❝♦♠♣❧❡①✐t② ❢❡❛t✉r❡ ♦♥❧② ❛❞❞s ♦♥❡
s❝❛❧❛r ✈❛❧✉❡ ♣❡r ❡❧❡❝tr♦❞❡✱ ❝♦♠♣❛r❡❞ t♦ t❤❡ ♦t❤❡r ❢❡❛t✉r❡s ✇❡ ❝♦♥s✐❞❡r❡❞ ✭❡①✿ ♦♥❡ ❞✐♠❡♥s✐♦♥ ♣❡r ❢r❡q✉❡♥❝②
❜❛♥❞ ✐♥ t❤❡ ❜❛♥❞ ♣♦✇❡r ❝❛s❡✮✳
▼♦r❡♦✈❡r✱ ♦✉r r❡s✉❧ts s❤♦✇❡❞ t❤❛t ✇❤❡♥ ❝♦♠❜✐♥✐♥❣ t❤❡s❡ t✇♦ ❢❡❛t✉r❡s t♦❣❡t❤❡r ✇✐t❤ ❜❛♥❞ ♣♦✇❡r ❢❡❛t✉r❡s✱
t❤❡ r❡s✉❧t✐♥❣ ❇❈■ ❝♦✉❧❞ r❡❛❝❤ ❛ ❜❡tt❡r ❝❧❛ss✐✜❝❛t✐♦♥ ❛❝❝✉r❛❝② t❤❛♥ ✇❤❡♥ ✉s✐♥❣ t❤❡ ✉s✉❛❧ ❜❛♥❞ ♣♦✇❡r ❢❡❛t✉r❡
❛❧♦♥❡✳ ❚❤✉s t❤✐s s✉❣❣❡sts t❤❛t t❤❡s❡ ♥❡✇ ❢❡❛t✉r❡s ❛r❡ ❛ ❣♦♦❞ ❝♦♠♣❧❡♠❡♥t t♦ ❝✉rr❡♥t❧② ✉s❡❞ ❢❡❛t✉r❡s ❢♦r ❇❈■
❞❡s✐❣♥ ❛♥❞ t❤❛t t❤❡② ❝❛♥ ❧❡❛❞ t♦ ✐♠♣r♦✈❡❞ ❇❈■ ❞❡s✐❣♥✳ ❚❤❡r❡❢♦r❡ ✇❡ ✇♦✉❧❞ r❡❝♦♠♠❡♥❞ ❇❈■ ❞❡s✐❣♥❡rs t♦
❝♦♥s✐❞❡r t❤❡s❡ t✇♦ ❢❡❛t✉r❡s ❛s ❛❞❞✐t✐♦♥❛❧ ❢❡❛t✉r❡s ✐♥ t❤❡ ❝♦♥❝❡♣t✐♦♥ ♦❢ ❛ ❇❈■ s②st❡♠✱ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❜❡tt❡r
♣❡r❢♦r♠❛♥❝❡✳
❋✉t✉r❡ ✇♦r❦ ♠✐❣❤t ✐♥✈♦❧✈❡ t❤❡ ❡①♣❧♦r❛t✐♦♥ ♦❢ ♥♦✈❡❧ ✇❛②s t♦ ❝♦♠❜✐♥❡ t❤❡ ❢❡❛t✉r❡s ❛♥❞ ❢❡❛t✉r❡ s❡❧❡❝t✐♦♥✱
❛s ✇❡❧❧ ❛s t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡s❡ ❢❡❛t✉r❡s t♦ ❇❈■ t❛s❦s ♦t❤❡r t❤❛♥ ♠♦t♦r ✐♠❛❣❡r②✳ ❲♦r❦ ✐s ❛❧s♦ ♥❡❡❞❡❞ ♦♥
t❤❡ ❞❡s✐❣♥ ♦❢ ♥♦✈❡❧ ❛❧❣♦r✐t❤♠s ✐♥❝❧✉❞✐♥❣ ♣❤②s✐♦❧♦❣✐❝❛❧❧② r❡❧❡✈❛♥t ❡rr♦r ❢✉♥❝t✐♦♥s ❢♦r ❊❊● s✐❣♥❛❧ ♣r❡❞✐❝t✐♦♥s
❢♦r t❤❡ ❝♦♠♣❧❡①✐t② ❢❡❛t✉r❡✳
❆❝❦♥♦✇❧❡❣❞❡♠❡♥ts
P❛rt ♦❢ t❤✐s ✇♦r❦ ✇❛s ❞❡✈❡❧♦♣♣❡❞ ❜② ◆✐❝♦❧❛s ❇r♦❞✉ ✇❤✐❧❡ ❜❡✐♥❣ ❛t t❤❡ ▲❛❜♦r❛t♦✐r❡ ❞✉ ❚r❛✐t❡♠❡♥t ❞✉ ❙✐❣♥❛❧
❡t ❞❡ ❧✬■♠❛❣❡ ✭▲❚❙■✮ ❛t ❯♥✐✈❡rs✐t② ♦❢ ❘❡♥♥❡s ✶
P❛rt ♦❢ t❤✐s ✇♦r❦ ✇❛s ✜♥❛♥❝❡❞ ❜② t❤❡ ❋r❡♥❝❤ ◆❛t✐♦♥❛❧ ❘❡s❡❛r❝❤ ❆❣❡♥❝② ✭❆◆❘✮ ✐♥ t❤❡ ❢♦r♠ ♦❢ t❤❡
❖♣❡♥❱✐❇❊✷ ♣r♦❥❡❝t✳
❆♣♣❡♥❞✐①✿ ❙♦✉r❝❡ ❝♦❞❡✱ ❞❛t❛✱ ❛♥❞ ✇❡❜
✐♥❢♦r♠❛t✐♦♥
❆❧❧ t❤❡ r❡s✉❧ts ✐♥ t❤✐s st✉❞② ❛r❡ r❡♣r♦❞✉❝✐❜❧❡ ✐♥❞❡♣❡♥❞❡♥t❧②✳ ❚❤❡ ❝♦❞❡ ❢♦r t❤❡ ❡①♣❡r✐♠❡♥ts ✐s ♣r♦✈✐❞❡❞ ❛s
❋r❡❡✴▲✐❜r❡ s♦❢t✇❛r❡ ♦♥ t❤❡ ♠❛✐♥ ❛✉t❤♦r ✇❡❜ s✐t❡✿
• ❤tt♣✿✴✴♥✐❝♦❧❛s✳❜r♦❞✉✳♥✉♠❡r✐♠♦✐r❡✳♥❡t✴❡♥✴r❡❝❤❡r❝❤❡✴♣✉❜❧✐❝❛t✐♦♥s✴





❬✶❪ P✳ ❆❜r②✱ ❙✳ ❏❛✛❛r❞✱ ❛♥❞ ❇✳ ▲❛s❤❡r♠❡s✳ ❘❡✈✐s✐t✐♥❣ s❝❛❧✐♥❣✱ ♠✉❧t✐❢r❛❝t❛❧✱ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝❛s❝❛❞❡s ✇✐t❤
t❤❡ ✇❛✈❡❧❡t ❧❡❛❞❡r ❧❡♥s✳ ■♥ ❙P■❊✱ ♣❛❣❡s ✶✵✸✕✶✶✼✱ ✷✵✵✹✳
✶✵
❬✷❪ ❇✳ ❆❧❧✐s♦♥ ❛♥❞ ❈✳ ◆❡✉♣❡r✳ ❈♦✉❧❞ ❆♥②♦♥❡ ❯s❡ ❛ ❇❈■❄✱ ❝❤❛♣t❡r ✸✱ ♣❛❣❡s ✸✺✕✺✹✳ ❍✉♠❛♥✲❈♦♠♣✉t❡r
■♥t❡r❛❝t✐♦♥ ❙❡r✐❡s✳ ❙♣r✐♥❣❡r ▲♦♥❞♦♥✱ ✷✵✶✵✳
❬✸❪ ❈✳ ❲✳ ❆♥❞❡rs♦♥ ❛♥❞ ❩✳ ❙✐❥❡r❝✐❝✳ ❈❧❛ss✐❝❛t✐♦♥ ♦❢ ❊❊● s✐❣♥❛❧s ❢r♦♠ ❢♦✉r s✉❜❥❡❝ts ❞✉r✐♥❣ ✜✈❡ ♠❡♥t❛❧ t❛s❦s✳
■♥ ❙♦❧✈✐♥❣ ❊♥❣✐♥❡❡r✐♥❣ Pr♦❜❧❡♠s ✇✐t❤ ◆❡✉r❛❧ ◆❡t✇♦r❦s✿ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ♦♥
❊♥❣✐♥❡❡r✐♥❣ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ ◆❡✉r❛❧ ◆❡t✇♦r❦s ✭❊❆◆◆✬✾✻✮✱ ✶✾✾✻✳
❬✹❪ ❈✳ ❲✳ ❆♥❞❡rs♦♥✱ ❊✳ ❆✳ ❙t♦❧③✱ ❛♥❞ ❙✳ ❙❤❛♠s✉♥❞❡r✳ ▼✉❧t✐✈❛r✐❛t❡ ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧s ❢♦r ❝❧❛ss✐✜❝❛t✐♦♥
♦❢ s♣♦♥t❛♥❡♦✉s ❡❧❡❝tr♦❡♥❝❡♣❤❛❧♦❣r❛♣❤✐❝ s✐❣♥❛❧s ❞✉r✐♥❣ ♠❡♥t❛❧ t❛s❦s✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❇✐♦♠❡❞✐❝❛❧
❊♥❣✐♥❡❡r✐♥❣✱ ✹✺✿✷✼✼✕✷✽✻✱ ✶✾✾✽✳
❬✺❪ ❉✳P✳ ❆♥❞❡rs♦♥✳ ❇❖■◆❈✿ ❆ s②st❡♠ ❢♦r ♣✉❜❧✐❝✲r❡s♦✉r❝❡ ❝♦♠♣✉t✐♥❣ ❛♥❞ st♦r❛❣❡✳ ■♥ ✺t❤ ■❊❊❊✴❆❈▼
■♥t❡r♥❛t✐♦♥❛❧ ❲♦r❦s❤♦♣ ♦♥ ●r✐❞ ❈♦♠♣✉t✐♥❣✳✱ ◆♦✈❡♠❜❡r ✷✵✵✹✳
❬✻❪ ❆✳ ❇❛s❤❛s❤❛t✐✱ ▼✳ ❋❛t♦✉r❡❝❤✐✱ ❘✳ ❑✳ ❲❛r❞✱ ❛♥❞ ●✳ ❊✳ ❇✐r❝❤✳ ❆ s✉r✈❡② ♦❢ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣ ❛❧❣♦r✐t❤♠s ✐♥
❜r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡s ❜❛s❡❞ ♦♥ ❡❧❡❝tr✐❝❛❧ ❜r❛✐♥ s✐❣♥❛❧s✳ ❏♦✉r♥❛❧ ♦❢ ◆❡✉r❛❧ ❡♥❣✐♥❡❡r✐♥❣✱ ✹✭✷✮✿❘✸✺✕✺✼✱
✷✵✵✼✳
❬✼❪ ❇✳ ❇❧❛♥❦❡rt③✱ ❋✳ ▲♦s❝❤✱ ▼✳ ❑r❛✉❧❡❞❛t✱ ●✳ ❉♦r♥❤❡❣❡✱ ●✳ ❈✉r✐♦✱ ❛♥❞ ❑✳✲❘✳ ▼ü❧❧❡r✳ ❚❤❡ ❜❡r❧✐♥ ❜r❛✐♥✲
❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡✿ ❆❝❝✉r❛t❡ ♣❡r❢♦r♠❛♥❝❡ ❢r♦♠ ✜rst✲s❡ss✐♦♥ ✐♥ ❇❈■✲♥❛✐✈❡ s✉❜❥❡❝ts✳ ■❊❊❊ ❚r❛♥s ❇✐♦♠❡❞
❊♥❣✱ ✺✺✭✶✵✮✿✷✹✺✷✕✷✹✻✷✱ ✷✵✵✽✳
❬✽❪ ❇✳ ❇❧❛♥❦❡rt③✱ ❑✳ ❘✳ ▼ü❧❧❡r✱ ●✳ ❈✉r✐♦✱ ❚✳ ▼✳ ❱❛✉❣❤❛♥✱ ●✳ ❙❝❤❛❧❦✱ ❏✳ ❘✳ ❲♦❧♣❛✇✱ ❆✳ ❙❝❤❧ö❣❧✱ ❈✳ ◆❡✉♣❡r✱
●✳ P❢✉rts❝❤❡❧❧❡r✱ ❚✳ ❍✐♥t❡r❜❡r❣❡r✱ ▼✳ ❙❝❤rö❞❡r✱ ❛♥❞ ◆✳ ❇✐r❜❛✉♠❡r✳ ❚❤❡ ❇❈■ ❝♦♠♣❡t✐t✐♦♥ ✷✵✵✸✿ Pr♦❣r❡ss
❛♥❞ ♣❡rs♣❡❝t✐✈❡s ✐♥ ❞❡t❡❝t✐♦♥ ❛♥❞ ❞✐s❝r✐♠✐♥❛t✐♦♥ ♦❢ ❊❊● s✐♥❣❧❡ tr✐❛❧s✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❇✐♦♠❡❞✐❝❛❧
❊♥❣✐♥❡❡r✐♥❣✱ ✺✶✭✻✮✿✶✵✹✹✕✶✵✺✶✱ ✷✵✵✹✳
❬✾❪ ❇✳ ❇❧❛♥❦❡rt③✱ ❑✳ ❘✳ ▼✉❧❧❡r✱ ❉✳ ❏✳ ❑r✉s✐❡♥s❦✐✱ ●✳ ❙❝❤❛❧❦✱ ❏✳ ❘✳ ❲♦❧♣❛✇✱ ❆✳ ❙❝❤❧♦❣❧✱ ●✳ P❢✉rts❝❤❡❧❧❡r✱
❏✳ ❉✳ ❘✳ ▼✐❧❧❛♥✱ ▼✳ ❙❝❤r♦❞❡r✱ ❛♥❞ ◆✳ ❇✐r❜❛✉♠❡r✳ ❚❤❡ ❇❈■ ❝♦♠♣❡t✐t✐♦♥ ■■■✿ ❱❛❧✐❞❛t✐♥❣ ❛❧t❡r♥❛t✐✈❡ ❛♣✲
♣r♦❛❝❤❡s t♦ ❛❝t✉❛❧ ❇❈■ ♣r♦❜❧❡♠s✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ◆❡✉r❛❧ ❙②st❡♠s ❛♥❞ ❘❡❤❛❜✐❧✐t❛t✐♦♥ ❊♥❣✐♥❡❡r✐♥❣✱
✶✹✭✷✮✿✶✺✸✕✶✺✾✱ ✷✵✵✻✳
❬✶✵❪ ❘✳ ❇♦♦st❛♥✐✱ ❇✳ ●r❛✐♠❛♥♥✱ ▼✳❍✳ ▼♦r❛❞✐✱ ❛♥❞ ●✳ P❢✉rts❝❤❡❧❧❡r✳ ❆ ❝♦♠♣❛r✐s♦♥ ❛♣♣r♦❛❝❤ t♦✇❛r❞ ✜♥❞✐♥❣
t❤❡ ❜❡st ❢❡❛t✉r❡ ❛♥❞ ❝❧❛ss✐✜❡r ✐♥ ❝✉❡✲❜❛s❡❞ ❇❈■✳ ▼❡❞✐❝❛❧ ❛♥❞ ❇✐♦❧♦❣✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣ ❛♥❞ ❈♦♠♣✉t✐♥❣✱
✹✺✭✹✮✿✹✵✸✕✹✶✷✱ ✷✵✵✼✳
❬✶✶❪ ❱✳ ❇♦st❛♥♦✈✳ ❇❈■ ❝♦♠♣❡t✐t✐♦♥ ✷✵✵✸✕❞❛t❛ s❡ts ■❜ ❛♥❞ ■■❜✿ ❢❡❛t✉r❡ ❡①tr❛❝t✐♦♥ ❢r♦♠ ❡✈❡♥t✲r❡❧❛t❡❞ ❜r❛✐♥
♣♦t❡♥t✐❛❧s ✇✐t❤ t❤❡ ❝♦♥t✐♥✉♦✉s ✇❛✈❡❧❡t tr❛♥s❢♦r♠ ❛♥❞ t❤❡ t✲✈❛❧✉❡ s❝❛❧♦❣r❛♠✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥
❇✐♦♠❡❞✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ✺✶✭✻✮✿✶✵✺✼✕✶✵✻✶✱ ✷✵✵✹✳
❬✶✷❪ ◆✳ ❇r♦❞✉✳ ◗✉❛♥t✐❢②✐♥❣ t❤❡ ❡✛❡❝t ♦❢ ❧❡❛r♥✐♥❣ ♦♥ r❡❝✉rr❡♥t s♣✐❦✐♥ ♥❡✉r♦♥s✳ ■♥ ■❏❈◆◆✱ ♣❛❣❡s ✺✶✷✕✺✶✼✱
✷✵✵✼✳
❬✶✸❪ ◆✳ ❇r♦❞✉✳ ▼✉❧t✐❢r❛❝t❛❧ ❢❡❛t✉r❡ ✈❡❝t♦rs ❢♦r ❜r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡s✳ ■♥ ■❏❈◆◆✱ ♣❛❣❡s ✷✽✽✸✕✷✽✾✵✱ ✷✵✵✽✳
❬✶✹❪ ◆✳ ❇r♦❞✉✳ ❘❡❝♦♥str✉❝t✐♦♥ ♦❢ ❡♣s✐❧♦♥✲♠❛❝❤✐♥❡s ✐♥ ♣r❡❞✐❝t✐✈❡ ❢r❛♠❡✇♦r❦s ❛♥❞ ❞❡❝✐s✐♦♥❛❧ st❛t❡s✳ ❆❞✈❛♥❝❡s
✐♥ ❈♦♠♣❧❡① ❙②st❡♠s✱ ✷✵✶✶✳ ❛❝❝❡♣t❡❞ ❢♦r ♣✉❜❧✐❝❛t✐♦♥✱ t♦ ❛♣♣❡❛r✳
❬✶✺❪ ◆✳ ❇r♦❞✉✱ ❋✳ ▲♦tt❡✱ ❛♥❞ ❆✳ ▲é❝✉②❡r✳ ❈♦♠♣❛r❛t✐✈❡ st✉❞② ♦❢ ❜❛♥❞✲♣♦✇❡r ❡①tr❛❝t✐♦♥ t❡❝❤♥✐q✉❡s ❢♦r ❊❊●✲
❜❛s❡❞ ❜r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡s✳ ■♥ ■❊❊❊ ❙②♠♣♦s✐✉♠ ❙❡r✐❡s ♦♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ■♥t❡❧❧✐❣❡♥❝❡✱ ❈♦❣♥✐t✐✈❡
❆❧❣♦r✐t❤♠s✱ ▼✐♥❞ ❛♥❞ ❇r❛✐♥ ✭■❊❊❊ ❙❙❈■ ❈❈▼❇ ✷✵✶✶✮✱ ✷✵✶✶✳
❬✶✻❪ ❈✳ ❇r✉♥♥❡r✱ ▼✳ ❇✐❧❧✐♥❣❡r✱ ❛♥❞ ❈✳ ◆❡✉♣❡r✳ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ ✉♥✐✈❛r✐❛t❡✱ ♠✉❧t✐✈❛r✐❛t❡✱ ❜✐❧✐♥❡❛r ❛✉t♦r❡✲
❣r❡ss✐✈❡✱ ❛♥❞ ❜❛♥❞♣♦✇❡r ❢❡❛t✉r❡s ❢♦r ❜r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡s✳ ■♥ ❋♦✉rt❤ ■♥t❡r♥❛t✐♦♥❛❧ ❇❈■ ▼❡❡t✐♥❣✱
✷✵✶✵✳
❬✶✼❪ ❉✳ P✳ ❇✉r❦❡✱ ❙✳ P✳ ❑❡❧❧②✱ P✳ ❞❡❈❤❛③❛❧ ❞❡❈❤❛③❛❧✱ ❘✳ ❇✳ ❘❡✐❧❧②✱ ❛♥❞ ❈✳ ❋✐♥✉❝❛♥❡✳ ❆ ♣❛r❛♠❡tr✐❝ ❢❡❛t✉r❡
❡①tr❛❝t✐♦♥ ❛♥❞ ❝❧❛ss✐✜❝❛t✐♦♥ str❛t❡❣② ❢♦r ❜r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝✐♥❣✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ◆❡✉r❛❧
❙②st❡♠s ❛♥❞ ❘❡❤❛❜✐❧✐t❛t✐♦♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✸✭✶✮✱ ✷✵✵✺✳
✶✶
❬✶✽❪ ❉✳ ❈♦②❧❡✱ ●✳ Pr❛s❛❞✱ ❛♥❞ ❚✳ ▼✳ ▼❝●✐♥♥✐t②✳ ❆ t✐♠❡✲❢r❡q✉❡♥❝② ❛♣♣r♦❛❝❤ t♦ ❢❡❛t✉r❡ ❡①tr❛❝t✐♦♥ ❢♦r ❛
❜r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡ ✇✐t❤ ❛ ❝♦♠♣❛r❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ ♣❡r❢♦r♠❛♥❝❡ ♠❡❛s✉r❡s✳ ❊❯❘❆❙■P ❏✳ ❆♣♣❧✳
❙✐❣♥❛❧ Pr♦❝❡ss✳✱ ✷✵✵✺✭✶✮✿✸✶✹✶✕✸✶✺✶✱ ✷✵✵✺✳
❬✶✾❪ ❏✳ ❈r✉t❝❤✜❡❧❞ ❛♥❞ ❑✳ ❨♦✉♥❣✳ ■♥❢❡rr✐♥❣ st❛t✐st✐❝❛❧ ❝♦♠♣❧❡①✐t②✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✻✷✭✷✮✿✶✵✺✕✶✵✽✱
✶✾✽✾✳
❬✷✵❪ ❏✳ ❞❡❧ ❘✳ ▼✐❧❧á♥✱ P✳❲✳ ❋❡rr❡③✱ ❛♥❞ ❆✳ ❇✉tt✜❡❧❞✳ ❚♦✇❛r❞s ❜r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝✐♥❣✱ ❝❤❛♣t❡r ❚❤❡ ■❉■❆P
❜r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡✿ ❆♥ ❆s②♥❝❤r♦♥♦✉s ▼✉❧t✐❝❧❛ss ❆♣♣r♦❛❝❤✳ ▼■❚ Pr❡ss✱ ●✳ ❉♦r♥❤❡❣❡✱ ❘✳ ▼✐❧❧❛♥
❏❞❡❧✱ ❚✳ ❍✐♥t❡r❜❡r❣❡r✱ ❉✳ ❏✳ ▼❝❋❛r❧❛♥❞ ✫ ❑✳ ❘✳ ▼ü❧❧❡r ❡❞✐t✐♦♥✱ ✷✵✵✼✳
❬✷✶❪ ●❛r② ◆✳ ●❛r❝✐❛✱ ❚✳ ❊❜r❛❤✐♠✐✱ ❛♥❞ ❏✳✲▼✳ ❱❡s✐♥✳ ❏♦✐♥t t✐♠❡✲❢r❡q✉❡♥❝②✲s♣❛❝❡ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❊❊● ✐♥ ❛
❜r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡ ❛♣♣❧✐❝❛t✐♦♥✳ ❊❯❘❆❙■P ❏✳ ❆♣♣❧✳ ❙✐❣♥❛❧ Pr♦❝❡ss✳✱ ✷✵✵✸✭✶✮✿✼✶✸✕✼✷✾✱ ✷✵✵✸✳
❬✷✷❪ ❉✳ ●❛rr❡tt✱ ❉✳ ❆✳ P❡t❡rs♦♥✱ ❈✳ ❲✳ ❆♥❞❡rs♦♥✱ ❛♥❞ ▼✳ ❍✳ ❚❤❛✉t✳ ❈♦♠♣❛r✐s♦♥ ♦❢ ❧✐♥❡❛r✱ ♥♦♥❧✐♥❡❛r✱
❛♥❞ ❢❡❛t✉r❡ s❡❧❡❝t✐♦♥ ♠❡t❤♦❞s ❢♦r ❊❊● s✐❣♥❛❧ ❝❧❛ss✐✜❝❛t✐♦♥✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ◆❡✉r❛❧ ❙②st❡♠ ❛♥❞
❘❡❤❛❜✐❧✐t❛t✐♦♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✶✿✶✹✶✕✶✹✹✱ ✷✵✵✸✳
❬✷✸❪ ❈✳ ●✉❣❡r✱ ●✳ ❊❞❧✐♥❣❡r✱ ❲✳ ❍❛r❦❛♠✱ ■✳ ◆✐❡❞❡r♠❛②❡r✱ ❛♥❞ ●✳ P❢✉rts❝❤❡❧❧❡r✳ ❍♦✇ ♠❛♥② ♣❡♦♣❧❡ ❛r❡ ❛❜❧❡
t♦ ♦♣❡r❛t❡ ❛♥ ❊❊●✲❜❛s❡❞ ❜r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡ ✭❇❈■✮✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ◆❡✉r❛❧ ❙②st❡♠s ❛♥❞
❘❡❤❛❜✐❧✐t❛t✐♦♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✭✶✶✮✿✶✹✺✕✶✹✼✱ ✷✵✵✸✳
❬✷✹❪ ❊✳ ●②s❡❧s ❛♥❞ P✳ ❈❡❧❦❛✳ P❤❛s❡ s②♥❝❤r♦♥✐③❛t✐♦♥ ❢♦r t❤❡ r❡❝♦❣♥✐t✐♦♥ ♦❢ ♠❡♥t❛❧ t❛s❦s ✐♥ ❛ ❜r❛✐♥✲❝♦♠♣✉t❡r
✐♥t❡r❢❛❝❡✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ◆❡✉r❛❧ ❙②st❡♠s ❛♥❞ ❘❡❤❛❜✐❧✐t❛t✐♦♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✷✭✹✮✿✹✵✻✕✹✶✺✱ ✷✵✵✹✳
❬✷✺❪ P✳❙✳ ❍❛♠♠♦♥ ❛♥❞ ❱✳❘✳ ❞❡ ❙❛✳ Pr❡♣r♦❝❡ss✐♥❣ ❛♥❞ ♠❡t❛✲❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r ❜r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡s✳ ■❊❊❊
❚r❛♥s❛❝t✐♦♥s ♦♥ ❇✐♦♠❡❞✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ✺✹✭✸✮✿✺✶✽✕✺✷✺✱ ✷✵✵✼✳
❬✷✻❪ ❘✳ ❍❛s❧✐♥❣❡r✱ ❑✳ ❑❧✐♥❦♥❡r✱ ❛♥❞ ❈✳❘✳ ❙❤❛❧✐③✐✳ ❚❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ str✉❝t✉r❡ ♦❢ s♣✐❦❡ tr❛✐♥s✳ ◆❡✉r❛❧
❈♦♠♣✉t❛t✐♦♥✱ ✷✷✿✶✷✶✕✶✺✼✱ ✷✵✶✵✳
❬✷✼❪ P✳ ❍❡r♠❛♥✱ ●✳ Pr❛s❛❞✱ ❚✳▼✳ ▼❝●✐♥♥✐t②✱ ❛♥❞ ❉✳ ❈♦②❧❡✳ ❈♦♠♣❛r❛t✐✈❡ ❛♥❛❧②s✐s ♦❢ s♣❡❝tr❛❧ ❛♣♣r♦❛❝❤❡s t♦
❢❡❛t✉r❡ ❡①tr❛❝t✐♦♥ ❢♦r ❊❊●✲❜❛s❡❞ ♠♦t♦r ✐♠❛❣❡r② ❝❧❛ss✐✜❝❛t✐♦♥✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ◆❡✉r❛❧ ❙②st❡♠s
❛♥❞ ❘❡❤❛❜✐❧✐t❛t✐♦♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✻✭✹✮✱ ❆✉❣✉st ✷✵✵✽✳
❬✷✽❪ ❈✳❙✳ ❍❡rr♠❛♥♥✳ ❊❊● ♦s❝✐❧❧❛t✐♦♥s ❛♥❞ ✇❛✈❡❧❡t ❛♥❛❧②s✐s✳ ▼❛r❡♥ ●r✐❣✉ts❝❤ ✫ ◆✐❦♦ ❆✳ ❇✉s❝❤✱ ▼■❚ Pr❡ss✱
✷✵✵✺✳
❬✷✾❪ ❇✳ ❍❥♦rt❤✳ ❆♥ ♦♥✲❧✐♥❡ tr❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❊❊● s❝❛❧♣ ♣♦t❡♥t✐❛❧s ✐♥t♦ ♦rt❤♦❣♦♥❛❧ s♦✉r❝❡ ❞❡r✐✈❛t✐♦♥s✳ ❊❧❡❝✲
tr♦❡♥❝❡♣❤❛❧♦❣r❛♣❤② ❛♥❞ ❈❧✐♥✐❝❛❧ ◆❡✉r♦♣❤②s✐♦❧♦❣②✱ ✸✾✿✺✷✻✕✺✸✵✱ ✶✾✼✺✳
❬✸✵❪ ❑✳ ❑❧✐♥❦♥❡r✱ ❈✳❘✳ ❙❤❛❧✐③✐✱ ❛♥❞ ▼✳ ❈❛♠♣❡r✐✳ ▼❡❛s✉r✐♥❣ s❤❛r❡❞ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❝♦♦r❞✐♥❛t❡❞ ❛❝t✐✈✐t② ✐♥
♥❡✉r♦♥❛❧ ♥❡t✇♦r❦s✳ ❆❞✈❛♥❝❡s ✐♥ ◆❡✉r❛❧ ■♥❢♦r♠❛t✐♦♥ Pr♦❝❡ss✐♥❣ ❙②st❡♠s✱ ✶✽✿✻✻✼✕✻✼✹✱ ✷✵✵✻✳
❬✸✶❪ ❙✳ ▲❡♠♠✱ ❈✳ ❙❝❤❛❢❡r✱ ❛♥❞ ●✳ ❈✉r✐♦✳ ❇❈■ ❝♦♠♣❡t✐t✐♦♥ ✷✵✵✸✕❞❛t❛ s❡t ■■■✿ ♣r♦❜❛❜✐❧✐st✐❝ ♠♦❞❡❧✐♥❣ ♦❢ s❡♥s♦✲
r✐♠♦t♦r ♠✉ r❤②t❤♠s ❢♦r ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ✐♠❛❣✐♥❛r② ❤❛♥❞ ♠♦✈❡♠❡♥ts✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❇✐♦♠❡❞✐❝❛❧
❊♥❣✐♥❡❡r✐♥❣✱ ✺✶✭✻✮✿✶✵✼✼✕✶✵✽✵✱ ✷✵✵✹✳
❬✸✷❪ ❋✳ ▲♦tt❡✱ ▼✳ ❈♦♥❣❡❞♦✱ ❆✳ ▲é❝✉②❡r✱ ❋✳ ▲❛♠❛r❝❤❡✱ ❛♥❞ ❇✳ ❆r♥❛❧❞✐✳ ❆ r❡✈✐❡✇ ♦❢ ❝❧❛ss✐✜❝❛t✐♦♥ ❛❧❣♦r✐t❤♠s
❢♦r ❊❊●✲❜❛s❡❞ ❜r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡s✳ ❏♦✉r♥❛❧ ♦❢ ◆❡✉r❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ✹✿❘✶✕❘✶✸✱ ✷✵✵✼✳
❬✸✸❪ ❋✳ ▲♦tt❡ ❛♥❞ ❈✳❚✳ ●✉❛♥✳ ❘❡❣✉❧❛r✐③✐♥❣ ❝♦♠♠♦♥ s♣❛t✐❛❧ ♣❛tt❡r♥s t♦ ✐♠♣r♦✈❡ ❇❈■ ❞❡s✐❣♥s✿ ❯♥✐✜❡❞ t❤❡♦r②
❛♥❞ ♥❡✇ ❛❧❣♦r✐t❤♠s✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❇✐♦♠❡❞✐❝❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ✺✽✭✷✮✿✸✺✺✕✸✻✷✱ ✷✵✶✶✳
❬✸✹❪ ❇✳ ▼❛♥❞❡❧❜r♦t✱ ❆✳ ❋✐s❤❡r✱ ❛♥❞ ▲✳ ❈❛❧✈❡t✳ ❆ ♠✉❧t✐❢r❛❝t❛❧ ♠♦❞❡❧ ♦❢ ❛ss❡t r❡t✉r♥s✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt ✶✶✻✹✱
❈♦✇❧❡s ❋✉♥❞❛t✐♦♥✱ ✶✾✾✼✳
❬✸✺❪ ❉✳ ❏✳ ▼❝❋❛r❧❛♥❞✱ ❈✳ ❲✳ ❆♥❞❡rs♦♥✱ ❑✳✲❘✳ ▼✉❧❧❡r✱ ❆✳ ❙❝❤❧♦❣❧✱ ❛♥❞ ❉✳ ❏✳ ❑r✉s✐❡♥s❦✐✳ ❇❈■ ♠❡❡t✐♥❣ ✷✵✵✺✲
✇♦r❦s❤♦♣ ♦♥ ❇❈■ s✐❣♥❛❧ ♣r♦❝❡ss✐♥❣✿ ❢❡❛t✉r❡ ❡①tr❛❝t✐♦♥ ❛♥❞ tr❛♥s❧❛t✐♦♥✳ ■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ◆❡✉r❛❧
❙②st❡♠s ❛♥❞ ❘❡❤❛❜✐❧✐t❛t✐♦♥ ❊♥❣✐♥❡❡r✐♥❣✱ ✶✹✭✷✮✿✶✸✺✕✶✸✽✱ ✷✵✵✻✳
✶✷
❬✸✻❪ ❉✳ ❏✳ ▼❝❋❛r❧❛♥❞✱ ▲✳ ▼✳ ▼❝❈❛♥❡✱ ❙✳ ❱✳ ❉❛✈✐❞✱ ❛♥❞ ❏✳ ❘✳ ❲♦❧♣❛✇✳ ❙♣❛t✐❛❧ ✜❧t❡r s❡❧❡❝t✐♦♥ ❢♦r ❊❊●✲❜❛s❡❞
❝♦♠♠✉♥✐❝❛t✐♦♥✳ ❊❧❡❝tr♦❡♥❝❡♣❤❛❧♦❣r❛♣❤✐❝ ❈❧✐♥✐❝❛❧ ◆❡✉r♦♣❤②s✐♦❧♦❣②✱ ✶✵✸✭✸✮✿✸✽✻✕✸✾✹✱ ✶✾✾✼✳
❬✸✼❪ ❏✳❘✳ ▼✐❧❧á♥✱ ▼✳ ❋r❛♥③é✱ ❏✳ ▼♦✉r✐ñ♦✱ ❋✳ ❈✐♥❝♦tt✐✱ ❛♥❞ ❋✳ ❇❛❜✐❧♦♥✐✳ ❘❡❧❡✈❛♥t ❊❊● ❢❡❛t✉r❡s ❢♦r t❤❡
❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ s♣♦♥t❛♥❡♦✉s ♠♦t♦r✲r❡❧❛t❡❞ t❛s❦s✳ ❇✐♦❧♦❣✐❝❛❧ ❈②❜❡r♥❡t✐❝s✱ ✽✻✭✷✮✿✽✾✕✾✺✱ ✷✵✵✷✳
❬✸✽❪ ❏✳✲❋✳ ▼✉③②✱ ❊✳ ❇❛❝r②✱ ❛♥❞ ❆✳ ❆r♥❡♦❞♦✳ ▼✉❧t✐❢r❛❝t❛❧ ❢♦r♠❛❧✐s♠ ❢♦r ❢r❛❝t❛❧ s✐❣♥❛❧s✿ ❚❤❡ str✉❝t✉r❡✲❢✉♥❝t✐♦♥
❛♣♣r♦❛❝❤ ✈❡rs✉s t❤❡ ✇❛✈❡❧❡t✲tr❛♥s❢♦r♠ ♠♦❞✉❧✉s✲♠❛①✐♠❛ ♠❡t❤♦❞✳ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ❊✳✱ ✹✼✿✽✼✺✕✽✽✹✱ ✶✾✾✸✳
❬✸✾❪ ❇✳ ❖❜❡r♠❡✐❡r✱ ❈✳ ●✉❣❡r✱ ❈✳ ◆❡✉♣❡r✱ ❛♥❞ ●✳ P❢✉rts❝❤❡❧❧❡r✳ ❍✐❞❞❡♥ ♠❛r❦♦✈ ♠♦❞❡❧s ❢♦r ♦♥❧✐♥❡ ❝❧❛ss✐✜❝❛t✐♦♥
♦❢ s✐♥❣❧❡ tr✐❛❧ ❊❊●✳ P❛tt❡r♥ r❡❝♦❣♥✐t✐♦♥ ❧❡tt❡rs✱ ♣❛❣❡s ✶✷✾✾✕✶✸✵✾✱ ✷✵✵✶✳
❬✹✵❪ ●✳ P❢✉rts❝❤❡❧❧❡r✱ ❈✳ ❇r✉♥♥❡r✱ ❘✳ ▲❡❡❜✱ ❘✳ ❙❝❤❡r❡r✱ ●✳ ▼ü❧❧❡r✲P✉t③✱ ❛♥❞ ❈✳ ◆❡✉♣❡r✳ ❚❤❡ ❣r❛③ ❜r❛✐♥✲
❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡✳ ■♥ ❆✈s❤❛❧♦♠ ❈✳ ❊❧✐t③✉r✱ ▼❛r❦ P✳ ❙✐❧✈❡r♠❛♥✱ ❏❛❝❦ ❚✉s③②♥s❦✐✱ ❘ü❞✐❣❡r ❱❛❛s✱ ❍✳ ❉✐❡t❡r
❩❡❤✱ ❇❡r♥❤❛r❞ ●r❛✐♠❛♥♥✱ ●❡rt P❢✉rts❝❤❡❧❧❡r✱ ❛♥❞ ❇r❡♥❞❛♥ ❆❧❧✐s♦♥✱ ❡❞✐t♦rs✱ ❇r❛✐♥✲❈♦♠♣✉t❡r ■♥t❡r❢❛❝❡s✱
❚❤❡ ❋r♦♥t✐❡rs ❈♦❧❧❡❝t✐♦♥✱ ♣❛❣❡s ✼✾✕✾✻✳ ❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✶✵✳
❬✹✶❪ ●✳ P❢✉rts❝❤❡❧❧❡r✱ ❉✳ ❋❧♦t③✐♥❣❡r✱ ❛♥❞ ❏✳ ❑❛❧❝❤❡r✳ ❇r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡✲❛ ♥❡✇ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❞❡✈✐❝❡
❢♦r ❤❛♥❞✐❝❛♣♣❡❞ ♣❡rs♦♥s✳ ❥♦✉r♥❛❧ ♦❢ ♠✐❝r♦❝♦♠♣✉t❡r ❛♣♣❧✐❝❛t✐♦♥✱ ✶✻✿✷✾✸✕✷✾✾✱ ✶✾✾✸✳
❬✹✷❪ ●✳ P❢✉rts❝❤❡❧❧❡r ❛♥❞ ❈✳ ◆❡✉♣❡r✳ ▼♦t♦r ✐♠❛❣❡r② ❛♥❞ ❞✐r❡❝t ❜r❛✐♥✲❝♦♠♣✉t❡r ❝♦♠♠✉♥✐❝❛t✐♦♥✳ ♣r♦❝❡❡❞✐♥❣s
♦❢ t❤❡ ■❊❊❊✱ ✽✾✭✼✮✿✶✶✷✸✕✶✶✸✹✱ ✷✵✵✶✳
❬✹✸❪ ❨✳ ❘❡♥❛r❞✱ ❋✳ ▲♦tt❡✱ ●✳ ●✐❜❡rt✱ ▼✳ ❈♦♥❣❡❞♦✱ ❊✳ ▼❛❜②✱ ❱✳ ❉❡❧❛♥♥♦②✱ ❖✳ ❇❡rtr❛♥❞✱ ❛♥❞ ❆✳ ▲é❝✉②❡r✳
❖♣❡♥❱✐❇❊✿ ❆♥ ♦♣❡♥✲s♦✉r❝❡ s♦❢t✇❛r❡ ♣❧❛t❢♦r♠ t♦ ❞❡s✐❣♥✱ t❡st ❛♥❞ ✉s❡ ❜r❛✐♥✲❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡s ✐♥ r❡❛❧
❛♥❞ ✈✐rt✉❛❧ ❡♥✈✐r♦♥♠❡♥ts✳ Pr❡s❡♥❝❡✿ t❡❧❡♦♣❡r❛t♦rs ❛♥❞ ✈✐rt✉❛❧ ❡♥✈✐r♦♥♠❡♥ts✱ ✶✾✭✶✮✱ ✷✵✶✵✳
❬✹✹❪ ❆✳ ❙❝❤❧ö❣❧✱ ❑✳ ▲✉❣❣❡r✱ ❛♥❞ ●✳ P❢✉rts❝❤❡❧❧❡r✳ ❯s✐♥❣ ❛❞❛♣t✐✈❡ ❛✉t♦r❡❣r❡ss✐✈❡ ♣❛r❛♠❡t❡rs ❢♦r ❛ ❜r❛✐♥✲
❝♦♠♣✉t❡r✲✐♥t❡r❢❛❝❡ ❡①♣❡r✐♠❡♥t✳ ■♥ Pr♦❝❡❡❞✐♥❣s ✶✾t❤ ■♥t❡r♥❛t✐♦♥❛❧ ❈♦♥❢❡r❡♥❝❡ ■❊❊❊✴❊▼❇❙✱ ♣❛❣❡s ✶✺✸✸✕
✶✺✸✺✱ ✶✾✾✼✳
❬✹✺❪ ❆✳ ❙❝❤❧ö❣❧✱ ❈✳ ◆❡✉♣❡r✱ ❛♥❞ ●✳ P❢✉rts❝❤❡❧❧❡r✳ ❊st✐♠❛t✐♥❣ t❤❡ ♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❛♥ ❊❊●✲❜❛s❡❞
❜r❛✐♥✲❝♦♠♣✉t❡r✲✐♥t❡r❢❛❝❡✳ ❇✐♦♠❡❞✐③✐♥✐s❝❤❡ ❚❡❝❤♥✐❦✱ ✹✼✭✶✲✷✮✿✸✕✽✱ ✷✵✵✷✳
❬✹✻❪ ❈✳❘✳ ❙❤❛❧✐③✐✳ ❈❛✉s❛❧ ❆r❝❤✐t❡❝t✉r❡✱ ❈♦♠♣❧❡①✐t②✱ ❛♥❞ ❙❡❧❢✲❖r❣❛♥✐③❛t✐♦♥ ✐♥ ❚✐♠❡ ❙❡r✐❡s ❛♥❞ ❈❡❧❧✉❧❛r ❆✉✲
t♦♠❛t❛✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐t② ♦❢ ❲✐s❝♦♥s✐♥ ❛t ▼❛❞✐s♦♥✱ ✷✵✵✶✳
❬✹✼❪ ❑✳ ❙t❡✐❣❧✐t③✱ ❚✳ ❲✳ P❛r❦s✱ ❛♥❞ ❏✳ ❋✳ ❑❛✐s❡r✳ ▼❊❚❊❖❘✿ ❆ ❝♦♥str❛✐♥t✲❜❛s❡❞ ❋■❘ ✜❧t❡r ❞❡s✐❣♥ ♣r♦❣r❛♠✳
■❊❊❊ ❚r❛♥s❛❝t✐♦♥s ♦♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣✱ ✹✵✭✽✮✿✶✾✵✶✕✶✾✵✾✱ ✶✾✾✷✳
❬✹✽❪ ❈✳ ❱✐❞❛✉rr❡✱ ◆✳ ❑rä♠❡r✱ ❇✳ ❇❧❛♥❦❡rt③✱ ❛♥❞ ❆✳ ❙❝❤❧ö❣❧✳ ❚✐♠❡ ❞♦♠❛✐♥ ♣❛r❛♠❡t❡rs ❛s ❛ ❢❡❛t✉r❡ ❢♦r ❊❊●✲
❜❛s❡❞ ❜r❛✐♥ ❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡s✳ ◆❡✉r❛❧ ◆❡t✇♦r❦s✱ ✷✷✿✶✸✶✸✕✶✸✶✾✱ ✷✵✵✾✳
❬✹✾❪ ❈✳ ❱✐❞❛✉rr❡✱ ❘✳ ❙❝❤❡r❡r✱ ❘✳ ❈❛❜❡③❛✱ ❆✳ ❙❝❤❧ö❣❧✱ ❛♥❞ ●✳ P❢✉rts❝❤❡❧❧❡r✳ ❙t✉❞② ♦❢ ❞✐s❝r✐♠✐♥❛♥t ❛♥❛❧②s✐s
❛♣♣❧✐❡❞ t♦ ♠♦t♦r ✐♠❛❣❡r② ❜✐♣♦❧❛r ❞❛t❛✳ ▼❡❞✳ ❇✐♦❧✳ ❊♥❣✐♥❡❡r✐♥❣ ❛♥❞ ❈♦♠♣✉t✐♥❣✱ ✹✺✭✶✮✿✻✶✕✻✽✱ ✷✵✵✼✳
❬✺✵❪ ❚✳ ❲❛♥❣✱ ❏✳ ❉❡♥❣✱ ❛♥❞ ❇✳ ❍❡✳ ❈❧❛ss✐❢②✐♥❣ ❊❊●✲❜❛s❡❞ ♠♦t♦r ✐♠❛❣❡r② t❛s❦s ❜② ♠❡❛♥s ♦❢ t✐♠❡✲❢r❡q✉❡♥❝②
s②♥t❤❡s✐③❡❞ s♣❛t✐❛❧ ♣❛tt❡r♥s✳ ❈❧✐♥✐❝❛❧ ◆❡✉r♦♣❤②s✐♦❧♦❣②✱ ✶✶✺✭✶✷✮✿✷✼✹✹✕✷✼✺✸✱ ✷✵✵✹✳
❬✺✶❪ ◗✳ ❲❡✐✱ ❨✳ ❲❛♥❣✱ ❳✳ ●❛♦✱ ❛♥❞ ❙✳ ●❛♦✳ ❆♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡ ❝♦✉♣❧✐♥❣ ♠❡❛s✉r❡s ❢♦r ❢❡❛t✉r❡ ❡①tr❛❝t✐♦♥
✐♥ ❛♥ ❊❊●✲❜❛s❡❞ ❜r❛✐♥✕❝♦♠♣✉t❡r ✐♥t❡r❢❛❝❡✳ ❏♦✉r♥❛❧ ♦❢ ◆❡✉r❛❧ ❊♥❣✐♥❡❡r✐♥❣✱ ✹✭✷✮✿✶✷✵✱ ✷✵✵✼✳
❬✺✷❪ ❍✳ ❲❡♥❞t✱ P✳ ❆❜r②✱ ❛♥❞ ❙✳ ❏❛✛❛r❞✳ ❇♦♦tstr❛♣ ❢♦r ❡♠♣✐r✐❝❛❧ ♠✉❧t✐❢r❛❝t❛❧ ❛♥❛❧②s✐s✳ ■❊❊❊ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣
▼❛❣❛③✐♥❡✱ ✭✸✽✮✱ ✷✵✵✼✳
❬✺✸❪ ❏✳❘✳ ❲♦❧♣❛✇✱ ◆✳ ❇✐r❜❛✉♠❡r✱ ❉✳❏✳ ▼❝❋❛r❧❛♥❞✱ ●✳ P❢✉rts❝❤❡❧❧❡r✱ ❛♥❞ ❚✳▼✳ ❱❛✉❣❤❛♥✳ ❇r❛✐♥✲❝♦♠♣✉t❡r
✐♥t❡r❢❛❝❡s ❢♦r ❝♦♠♠✉♥✐❝❛t✐♦♥ ❛♥❞ ❝♦♥tr♦❧✳ ❈❧✐♥✐❝❛❧ ◆❡✉r♦♣❤②s✐♦❧♦❣②✱ ✶✶✸✭✻✮✿✼✻✼✕✼✾✶✱ ✷✵✵✷✳
❬✺✹❪ ❨✳P✳❆✳ ❨♦♥❣✱ ◆✳❏✳ ❍✉r❧❡②✱ ❛♥❞ ●✳❈✳▼✳ ❙✐❧✈❡str❡✳ ❙✐♥❣❧❡✲tr✐❛❧ ❊❊● ❝❧❛ss✐✜❝❛t✐♦♥ ❢♦r ❜r❛✐♥✲❝♦♠♣✉t❡r
✐♥t❡r❢❛❝❡s ✉s✐♥❣ ✇❛✈❡❧❡t ❞❡❝♦♠♣♦s✐t✐♦♥✳ ■♥ ❊✉r♦♣❡❛♥ ❙✐❣♥❛❧ Pr♦❝❡ss✐♥❣ ❈♦♥❢❡r❡♥❝❡✱ ❊❯❙■P❈❖ ✷✵✵✺✱
✷✵✵✺✳
✶✸
